Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation1A Decision Procedure for Common Lisp’s SUBTYPEP PredicateHenry G. BakerNimble Computer Corporation, 16231 Meadow Ridge Way, Encino, California 91436(818) 986-1436˚˚(818) 986-1360 (FAX)This work was supported in part by the U.S. Department of Energy Contract No. DE-AC03-88ER80663.AbstractCommon Lisp [CL84,CL90] includes a dynamic datatype system of moderate complexity, as wellas predicates for checking the types of language objects. Additionally, an interesting predicate oftwo "type specifiers"�SUBTYPEP�is included in the language. This subtypep predicate providesa mechanism with which to query the Common Lisp type system regarding containment relationsamong the various built-in and user-defined types. While subtypep is rarely needed by anapplications programmer, the efficiency of a Common Lisp implementation can depend criticallyupon the quality of its subtypep predicate: the run-time system typically calls upon subtypep todecide what sort of representations to use when making arrays; the compiler calls upon subtypep tointerpret user declarations, on which efficient data representation and code generation decisions arebased.As might be expected due to the complexity of the Common Lisp type system, there may be typecontainment questions which cannot be decided. In these cases subtypep is expected to return"can’t determine", in order to avoid giving an incorrect answer. Unfortunately, most Common Lispimplementations have abused this license by answering "can’t determine" in all but the most trivialcases. In particular, most Common Lisp implementations of SUBTYPEP fail on the basic axioms ofthe Common Lisp type system itself [CL84,p.33]. This situation is particularly embarrassing forLisp�the premier "symbol processing language"�in which the implementation of complexsymbolic logical operations should be relatively easy. Since subtypep was presumably included inCommon Lisp to answer the hard cases of type containment, this "lazy evaluation" limits theusefulness of an important language feature.This paper shows how those type containment relations of Common Lisp which can be decided atall, can be decided simply and quickly by a decision procedure which can dramatically reduce thenumber of occurrences of the "can’t determine" answer from subtypep. This decision proceduredoes not require the conversion of a type specifier expression to conjunctive or disjunctive normalform, and therefore does not incur the exponential explosion in space and time that such aconversion would entail.The lattice mechanism described here for deciding subtypep is also ideal for performing typeinference [Baker90]; the particular implementation developed here, however, is specific to the typesystem of Common Lisp [Beer88].Categories and Subject Descriptors: Lisp, dynamic typing, compiler optimization, type inference,decision procedure.1.˚˚IntroductionThe Common Lisp functions typep and subtypep are the basic predicates of the Common Lisptype system [CL84,p.72]. Loosely speaking, (typep˚x˚y) poses the question of whether theobject x is an element of the type y, while (subtypep˚y˚z) poses the question of whether the typey is a subset of the type z. While typep is heavily used to distinguish object types at run-time, andindeed the common typecase construct [CL84,p.118] depends upon typep, subtypep isconsidered by most Common Lisp applications programmers to be an obscure language function ofonly theoretical interest. However, if these programmers were aware that the quality of theoptimization of their programs depended critically on the quality of the implementation ofsubtypep, they might take more notice. For example, these programmers might becomeexasperated if a program with a variable declared as a bit (taking on only the integer values 0 or 1)

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation2actually runs slower than when the same variable is declared as a fixnum (taking on any smallinteger values). They would be similarly distressed by an implementation which gave them ageneral vector of type (array˚t˚(*)), when make-array was called with an element-type of(integer˚0˚63), even though the Lisp system was capable of providing specialized arrays ofsigned 8-bit integers.1 These problems can both be traced to deficiencies in the particular Lispsystem’s implementation of subtypep.The problem that a Common Lisp implementation is typically trying to solve when callingsubtypep is to determine the storage requirement for a given object, as specified by a CommonLisp type specifier expression. The more accurate subtypep is, the smaller the storage required forthe user’s program, and the faster it can be as a result of manipulating more compact objects.Optimizing Common Lisp compilers also attempt to remove type checks from a user’s program,whether they were inserted by the programmer, the expansion of a macro, or a code expansionduring code generation. Eliminating such type checking is essential to achieving high executionspeed on modern RISC architectures. If the compiler can prove, by calling subtypep, that the typecheck will always be satisfied, then the type check is redundant code, and can be eliminated withoutany ill effects. Once again, the quality of the implementation is directly related to the quality ofsubtypep.Many programmers from outside the Lisp community are accustomed to including type declarationsin their programs, and start programming in Lisp by including complete type declarations. Thisinformation can be valuable for the compiler, since compilers for non-Lisp architectures can oftenmake use of declarations to improve execution speed. Supplying the most specific declarations canalso be valuable for program maintenance, because such declarations provide excellentdocumentation. However, in many Common Lisp implementations this attention to detail ispenalized. Highly specialized declarations may actually make programs run slower than lessspecialized declarations, because poor implementations of subtypep may not be capable ofcorrectly interpreting the more complex type specifier expressions.Thus, a high-quality subtypep implementation is a prerequisite for a high-quality Common Lispimplementation, especially when the host processor is an architecture not well suited for dynamictyping. Yet the level of subtypep implementation among current commercial Common Lisp’s isnot high. Informal tests on various implementations showed problems ranging from ignorance�almost always returning "don’t know"�to inconsistency�violating the transitivity of thesubtypep relation. However, even the best ones fail to decide the basic set of axioms coveringCommon Lisp datatypes [CL84,p.33].This paper gives a decision procedure for subtypep, which will answer any question posed tosubtypep that does not include the satisfies clause. This restriction is forced by the fact that thegeneral solution to subtypep with the satisfies clause is recursively undecidable.We describe the datatypes of Common Lisp in section 2, describe the language of type specifierexpressions in section 3, and discuss the possible meanings of Common Lisp datatypes in section4. In section 5 and 6, we gain additional insight into the nature of the Common Lisp type systemand subtypep by showing where an ad hoc approach to deciding subtypep fails, and we see why

1The new function upgraded-array-element-type is supposed to fix this problem, but onlysucceeds in hiding the problem at a lower level. Since this new function is required to be lattice-monotonic [CL90,67-68], and since the upgraded type of ’bit is required to be ’bit [CL90,p.33],we can use this function to test for the emptiness of an arbitrary type specifier�a problem we latershow to be equivalent to subtypep.(defun type-null (x) (values (and (eq ’bit (upgraded-array-element-type ‘(or bit ,x))) (not (typep 0 x)) (not (typep 1 x))) t))

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation3by considering other hard questions that could be decided by using subtypep as a subroutine.Section 7 deals with the subtypep decision procedure itself, while section 8 indicates itscomplexity. Finally, section 9 discusses the sensitivity of the decision procedure to the particularsof the Common Lisp, and section 10 concludes.2.˚˚Common Lisp data typesBefore we can decide the solution to the type containment problems of Common Lisp, we must firstunderstand its type system. Common Lisp [CL90] has a moderately complex type system,including limited precision integers, unlimited precision integers, rational numbers, floating-pointnumbers in four different formats, complex numbers of various types and sizes, characters ofconsiderable diversity, a host of specialized types such as compiled-function’s andreadtable’s, arrays of various ranks, sizes and element types, and user-defined structure’s andclass’es (records in other languages). Common Lisp prescribes certain containment anddisjointedness relations among the built-in types for all implementations, and allows certain othercontainment and disjointedness relations to depend upon the implementation [CL90,p.37-41].For example, Common Lisp prescribes that the types real (which contains both rational andfloat) and complex shall be pairwise disjoint subtypes of number. However, depending upon theimplementation, there may be numeric elements which are not real or complex. In fact, aninteresting question for a "portable" Common Lisp program to ask an implementation is whetherthere are any numbers other than real and complex numbers. This question can be posed tosubtypep by asking whether number is a subset of the union of real and complex.The Common Lisp type system has its nits. For example, while "3/1"�the rational number withnumerator 3 and denominator 1�is a member of rational, because 3/1 is an integer, and allintegers are rational numbers, "#C(3/1 0)"�the complex number with real part 3/1 and imaginarypart 0�is not a member of (complex˚rational), because #C(3/1˚0) is normalized to the rationalnumber 3/1, and the Common Lisp standard says that the types rational and complex aredisjoint, and therefore that (complex˚rational)�a subtype of complex�is disjoint fromrational, as well.Figure 1 is a chart classifying Common Lisp datatypes into 5 different "kingdoms".flat elementary typessymbol, character, readtable, complex, etc.numeric ranges(integer˚*˚*), (ratio˚*˚*), (short-float˚*˚*), etc.array types(array˚rep-type1˚*), (array˚rep-type2˚(*˚3)), etc.defstruct type hierarchystructure-name-1, structure-name-2, etc.CLOS type partial orderclass-name-1, class-name-2, etc.Figure 1. Chart of Common Lisp data type kingdoms.3.˚˚Common Lisp type specifier expressionsType containment questions in Common Lisp are posed by calling subtypep with two "typespecifiers", which are expressions in a formal language. These type specifier expressions denotethe types whose containment is to be decided. The power of subtypep is directly related to the"expressiveness" of this type specifier language; on the other hand, the more expressive thelanguage, the more difficult it is to decide the questions.The Common Lisp type system allows for the construction of "type specifier" expressions whichinclude the basic type symbols, as well as a number of operations involving those type symbols and(recursively) other type specifier expressions. Thus, type specifiers consist of basic type symbolssuch as integer, float, character, numeric ranges such as (integer˚3˚6), meaning theintegers {3,4,5,6}, and array types such as (array˚float˚(3˚*)), meaning all 2-dimensionalarrays whose containers are specialized to hold floating point numbers, and whose first dimensionmust be 3. Furthermore, a type can be specified by the member construct, where (member˚a˚b˚c)is just the finite set of Lisp objects {a,b,c}. A type can also be specified operationally using apredicate, as in (satisfies˚oddp), meaning all Lisp objects x such that (oddp˚x) is true.

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation4Finally, simple type specifiers can be composed into compound type specifiers by means of theconnectives and, or, and not.The Common Lisp type system allows the basic type system to be extended by the user in threeways through the use of deftype, defstruct, and defclass. The first, deftype, is simply amacro facility for type specifier expressions; thus, no new functionality is introduced throughdeftype, but brevity is facilitated. The other two ways of type system extension, defstruct andCLOS’s defclass, allow the creation of new types of Lisp objects which are disjoint from everyother type (except when otherwise specified). As we will later show, the change in functionality ofthe type system introduced by defstruct types is minimal and relatively self-contained.Common Lisp has recently been extended with the "Common Lisp Object System", or CLOS, forshort [Bobrow88]. CLOS objects (instances) are elements of classes, which are different fromCommon Lisp types, but which map into the Common Lisp type system. Loosely speaking, thismapping from classes to types strips all intensional meaning from the class, and produces theextensional set of elements (called instances) of the class. Given this interpretation, we will see thatCLOS usually causes no problems for the subtypep decision procedure, as we can continue towork with only the type structure and not the class structure of CLOS objects.Common Lisp also defines two additional type specifier constructs: function and values.However, these constructs are expressly prohibited from calls to typep, and hence from calls tosubtypep [CL90,p.57]. If these specifiers were not prohibited by Common Lisp from appearingin calls to subtypep, they would make a decision procedure for subtypep impossible. Forexample, subtypep could then have been asked about the functional equivalence of two lambda-expressions, a problem which is known to be undecidable.Type Namesinteger, number, symbol, null, t, etc.Numeric Ranges(integer˚low˚high), (float˚low˚high), etc.Arrays(array˚bit˚(3˚*)), (string˚size), etc.Individuals(member˚object1˚object2˚...)Predicates(satisfies predicate-name)Connectives(not˚specifier), (and˚specifier1˚specifier2), (or˚specifier1˚specifier2)Figure 2. Chart of Common Lisp "type specifier" expressions.4.˚˚The meaning of a Common Lisp "type"So far, we have a notion of a datatype and a language for specifying datatypes, but have not yetrelated the two. In this section, we give meaning to type specifier expressions by modelling thesyntactic constructs of the language with operations on datatypes.There are several ways to interpret the notion of type. One can interpret type as a set of elements, inwhich it has the extensional meaning of a set�an extensional type is no more or less than anunordered list of its elements. One can also interpret a type as a member of a mathematical lattice(see Appendix I) in which the subtype relation is a purely formal concept, and in which the typenames themselves have some meaning; i.e., this is an intensional notion of type [Scott76]. Thetypes-as-lattices concept has been utilized for years as a representation of the meaning of a program,and by compilers for performing data flow analysis (including type inference [Kaplan80]). TheCommon Lisp standard says in no uncertain terms that "a data type is a (possibly infinite) set ofLisp objects" ([CL90,p.12], italics added for emphasis). Thus, in determining the meaning ofsubtypep, a Common Lisp implementor is required to implement the extensional, or set, notion oftype, and hence answer subtypep questions from an extensional point of view.How do these notions of intensional and extensional types differ in practice? One way the notionsdiffer is in whether subtypep questions are to be answered for this implementation, or for allCommon Lisps. Thus, one Common Lisp may implement a numeric type which is not real andnot complex (e.g., exact representations of irrational extensions implemented through symbolicalgebraic techniques [Loos83]), hence in this implementation, number is not intensionally orextensionally the same as the union of real and complex. However, if no such numeric elements

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation5exist in another implementation of Common Lisp, then in that implementation, number isextensionally the same as the union of real and complex, even though number is not intensionallythe same.

Common Lisp clearly intends this extensional view of types.2Thus, the extensional notion of types is equivalent to the notion of containment of sets, so thefamiliar laws of Boolean algebra hold (see Appendix I). Since Boolean algebras are also lattices,the lattice "£" operation becomes equivalent to subset, which is therefore the model for subtypep.Additionally, the lattice operations of least upper bound and greatest lower bound becomeequivalent to the union and intersection of sets, respectively, and these can also be utilized whereverlattice operations are required (e.g., for type inference [Kaplan80], [Beer88]).Several additional complications regarding subtypep are more easily dealt with using the Booleanalgebra interpretation of types, due to its isomorphism with the standard Boolean algebra of sets:namely, the ability to ask questions about particular elements (utilizing the member construct), andthe ability to talk about the complement of a set (using the not construct). Such questions wouldhave to be dealt with on an ad hoc basis with a lattice interpretation, or not at all.The algebraic laws for the manipulation of Boolean algebras are simpler and more familiar thanthose of lattices (see Appendix I). The intuition most people have of lattice manipulations is veryrestricted, and one must be very careful not to use Boolean thought processes when they are notappropriate. For example, most people would assume that it is appropriate to distribute ("multiplyout") and over or in the type specifier expression (and˚float˚(or˚single-float˚null)) toproduce the result: single-float. In the obvious data-type lattice, however, the answer withoutthe distribution would have been float. This curious result obtains because the obvious CommonLisp type lattice is non-modular and hence not distributive; therefore it cannot be Boolean, sinceBoolean lattices are distributive [MacLane67].5.˚˚Current implementations of subtypepThe Common Lisp standards committee noted that "[subtypep questions involving] and, or, not,and member are � very messy to deal with" [CL90,p.97-98]. We agree that the Common Lisptype system itself is very messy, but this messiness can be dealt with through a uniform bit-vectorrepresentation in which the messiness is confined to the contents of these bit-vectors. However, inorder to understand the need for this representation, it is instructive to examine the ad hoc approachtypical of current implementations.

2There could also conceivably be an alternative modal view of Common Lisp types, where themodal constructs "may" and "must" would represent the differences in implementations (or worlds,see [Hughes68]). "May" would be interpreted as "there could conceivably exist animplementation", and "must" would be interpreted as "for all conceivable implementations". Underthis modal view, there would be undecidable subtypep questions even in the absence ofsatisfies, because there would be specifiers t1 and t2 such that the answer to the question(subtypep˚t1˚t2) would differ depending upon the implementation, and hence it would beimpossible for subtypep to answer with certainty any question for which (or˚(must˚(subtypep˚t1˚t2))˚(must˚(not˚(subtypep˚t1˚t2))))was not true. We reject this modal view as not being useful for a program to want to query becausemost programs would be more interested in this implementation�i.e., the one the program isrunning on, or being compiled for.

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation6(defun o-t-subtypep (x y) ; o-t-subtypep = "obviously-trivial-subtypep" (cond ((and (eq x ’fixnum) (eq y ’float)); Do all pairs of type symbols. nil) ((and (eq x �) (eq y �)); ad nauseum. t/nil) ((eq x nil) t); 1st arg empty disjunction. ((eq (car x) ’or); 1st arg disjunction easy. (every #’(lambda (nx) (o-t-subtypep nx y)) (cdr x))) ((eq (car x) ’member); ditto. (every #’(lambda (xelt) (typep xelt y)) (cdr x))) ((eq y t) t); 2nd arg empty conjunction. ((eq (car y) ’and); 2nd arg conjunction easy. (every #’(lambda (ny) (o-t-subtypep x ny)) (cdr y))) ((and (eq (car x) ’not); Contrapositive easy. (eq (car y) ’not)) (o-t-subtypep (cadr y) (cadr x)) ((eq x t) ???); 1st arg empty conjunction. ((and (eq (car x) ’and); Partial for 1st arg conjunct. (some #’(lambda (nx) (o-t-subtypep nx y)) (cdr x))) t) ((eq y nil) ???); 2nd arg empty disjunction. ((and (eq (car y) ’or); Partial for 2nd arg disjunct. (some #’(lambda (ny) (o-t-subtypep x ny)) (cdr y))) t) ((eq (car y) ’member) ???) (...); ???In this example, we see that the hacker approach fails to make progress after the monotonicity rulehas been used in every conceivable way. In order to make any further progress, we must make useof the other properties of Boolean algebras, and this will require breaking up the problem alongdifferent dimensions.The incompleteness of the ad hoc approach is not its only problem. Its soundness is also difficult todemonstrate. With a program of this complexity (some implementations go on like this for 4-5pages), it is difficult to determine its correctness, and indeed some Common Lisp subtypep’sviolate the basic axioms of a partial order�like transitivity. Yet even after all of this work, mostimplementations still cannot decide the basic propositions that the Common Lisp specifications poseas axioms.6.˚˚What is the power of subtypep?In this section, we explain the difficulties in properly implementing subtypep, by showing whatother questions that can be decided using subtypep as a subroutine. This "reduction" techniquethus proves that deciding subtypep is at least as hard as deciding any of these other questions.

These reductions, however, depend critically on the "set" interpretation for "type".

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation7Using subtypep, one can ask whether:˚¥˚a type is empty (nil)˚¥˚two types are disjoint˚¥˚two types are equal˚¥˚an object is an element of a given type˚¥˚two objects are identical (eql)˚¥˚an object is a member of a given finite set˚¥˚one finite set is a subset of another finite set˚¥˚a number is positive˚¥˚one number is less than or equal to another.The code below shows each of these reductions of the given question to a subtypep question.(defun type-null (x) (subtypep x nil))(defun type-disjoint (x y) (subtypep ‘(and ,x ,y) nil))(defun type-equal (x y) (multiple-value-bind (x<=y okxy) (subtypep x y) (multiple-value-bind (y<=x okyx) (subtypep y x) (values (and x<=y y<=x) (and okxy okyx)))))(defun typep (x y) (values (subtypep ‘(member ,x) y)))(defun eql (x y) (values (type-equal ‘(member ,x) ‘(member ,y))))(defun member (x y) (values (subtypep ‘(member ,x) ‘(member ,@y))))(defun subsetp (x y) (values (subtypep ‘(member ,@x) ‘(member ,@y))));;; The following are restricted to rational numbers only.(defun plusp (x) (values (subtypep ‘(rational ,x *) ’(rational (0) *))))(defun <= (x y) (values (subtypep ‘(rational * ,x) ‘(rational * ,y))))One can even perform "pattern-matched" database retrieval by storing the database records as a largeunion of arrays of equal rank whose declared dimensions encode the data; subtypep can determineif a given pattern-encoded-as-array-type matches any of the arrays in the union. The code belowimplements this form of database retrieval using subtypep. It works by storing the data records aselements of a relation. A query consisting of a record without "*" components is decided bydetermining whether the element sought is not in the complement of the union of stored records; ifso, then it is in the database. A query consisting of a record with "*" components defines anotherrelation on the same domain as that of the database. If this query relation is not completelycontained within the complement of the stored relation, then there exists an element of the query thatis not in the complement of the union of the database records, hence is in the union, and hence is inone of the records.(defvar *database* nil)(defun store-record (record) ; record = (<i> <j> ... <n>), i,j,k non-negative integers. (push ‘(array t ,record) *database*))(defun retrieve-record (record) ; record = (<i/*> <j/*> ... <n/*>), i,j,k non-negative integers (not (subtypep ‘(array t ,record) ‘(not (or ,@*database*)))))

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation8However, there are certain questions one cannot ask with subtypep. subtypep cannot be askedwhat size a set is (other than whether it is empty); it cannot be asked to do arithmetic, it cannot beasked hypothetical questions. As a result, a decision procedure for subtypep does not have to dealwith alternation of quantifiers, Skolem functions, or any other device that could cause multi-exponential inefficiency in a decision procedure.Before going into the details of the implementation of subtypep, we notice that subtypep couldhave been defined in terms of the simpler type specifier predicate type-null (given below), if thelanguage designers had been more confident of an efficient implementation. (NB: type-null is notthe same as null, since the argument for type-null is evaluated as a type-specifier, while theargument for null is evaluated as a Lisp expression.)(defun subtypep (x y) ; TYPE-NULL determines if its argument is ; a type specifier for the empty type. (type-null ‘(and ,x (not ,y))))7.˚˚The subtypep decision procedureOur decision procedure for subtypep will divide and conquer. We will utilize separate decisionsprocedures for the disjoint "kingdoms" of data types in the Common Lisp type system.3 Byutilizing the fact that the Boolean algebra for the Common Lisp type system is the Cartesian productof the Boolean algebras for each of these disjoint "kingdoms" of types, we will then be able tohandle the general case. (This approach is analogous to the use of the Chinese Remainder Theoremto solve problems involving integers by mapping the problems into several homomorphic images.)In many cases, subtypep will depend upon typep for its answer. typep itself may be extremelycomplex in the general case�especially when CLOS types are involved. Nevertheless, typep isrequired by Common Lisp to be a decision procedure, so we can depend upon typep’s answers.7.1˚˚Implementing subtypep for primitive elementary typesOnce we have focussed on the set interpretation of data type, it should be possible to answersubtype questions by simply comparing the membership of the sets. However, for the CommonLisp datatypes with large or infinite sets (e.g., integer), this implementation is either impracticalor impossible. The work of the comparison process can be reduced by noting that due to thelimitations of the language of type specifications involved, most elements of the various sets areindistinguishable, and that any member of such a group of indistinguishable elements will alwaysbe treated the same under all the set operations. These sets of indistinguishable elements are calledequivalence classes. With the exception of ranges, arrays and user-defined types, the number ofequivalence classes for Common Lisp types is finite. Thus, for the built-in types, excludingranges, arrays and user-defined types, we can accurately answer any subtypep question with asimple subset test on two finite sets. With this reduction of the comparison problem, implementingsubtypep involves the selection of a representative element from each of the equivalence classes ofelements, and performing Boolean operations on these sets of representatives instead of on thewhole sets.The next step is to choose correct representative elements from the equivalence classes. We canchoose representative elements using the same principle that medical students use to organize thewide variety of diseases and symptoms: differential diagnosis. We need each element to somehowbe different from each other element, in the sense that some set (type) includes one but not the

3In some implementations, defstruct and defclass types may overlap with the elementaryCommon Lisp types�e.g., stream. Since we utilize the same mechanism for these threekingdoms, we can collapse these three kingdoms into one for the implementation of subtypep.However, we insist that numeric ranges and arrays be disjoint from each other and from theprevious three kingdoms.

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation9other. If we choose extra representatives from an equivalence class, they will slow down ourdecision procedure slightly, but will not cause any incorrect answers. However, if we fail tochoose an element which distinguishes between two sets, then those sets may be incorrectlydetermined by subtypep to be equivalent, when in fact they are not. This problem will beexamined later in more detail, under the member construct and user-defined type discussions.In the case of the built-in Common Lisp types, the choice of representatives is straightforward. Wemust select at least one representative member of each built-in type (assuming that they have anymembers at all); a fixnum, a bignum, a ratio, a short-float, a single-float, a character,etc. We may need some additional elements when there are complex relationships; e.g., in thecharacters, where we need a b a s e - c h a r a c t e r , a non-base c h a r a c t e r , and anextended-character which is not a character.How many representatives are required? For the built-in types, not including ranges and arrays,fewer than 30 elements are required. Applying the standard trick of representing finite sets withintegers interpreted as bit-vectors, then mapping union, intersection and complement onto logior,logand, and lognot, we can represent these sets using relatively small integers which fit into asingle machine word�i.e., fixnum’s. Thus, not only can we answer subtypep questionsinvolving the basic Common Lisp types accurately, we can also answer them quickly using a fewlogical operations on word-size quantities.An example of an implementation of subtypep for built-in datatypes using this technique can befound in Appendix II.7.2˚˚How to handle the MEMBER constructThe member construct adds complexity to our problem by rendering the a priori selection ofrepresentatives, as described above, inadequate. Instead of asking questions about anonymousshort-float or base-character elements, one can now ask questions about specificallymentioned elements. Using the member construct, one can also ask questions about anonymousarbitrary finite sets of Lisp objects, with no reference to the rest of the Common Lisp type system atall. Both of these forms of question can be seen in our emulation of typep and subsetp in section5.The trick to efficiently handling member is to include the mentioned elements as additionalrepresentatives for our finite sets. This requires two passes through the type specifier expression:the first to find all elements mentioned in member constructs and make them additionalrepresentatives; and the second to evaluate the type specifier expression using Boolean operationson bit-vectors. The only complication involves small sets (such as null, which has only oneelement�nil), and obvious elements such as the fixnum 0 (zero). To handle finite subsetquestions in which the only clauses are member constructs, we have to register our representatives.By registration we mean determining, in advance, the canonical bit-position within the bit-vectorwhich will represent the registered element. This registration procedure makes sure that, forexample, the type specifier (member˚nil) will have exactly the same representation as the typespecifier null.An additional problem with member is that one could conceivably ask whether a type consisted ofexactly one particular element; if the element mentioned just happened to be the representativechosen, our implementation of subtypep would give out the wrong answer. Therefore, wheneveran element is explicitly mentioned in member, and it was previously used as the anonymousrepresentative of other elements, we must somehow generate an alternative element (if one exists) tobe used as the new anonymous representative. This procedure will ensure that the type system willnot give out wrong answers under these conditions. We will call this situation the aliasing problem.The aliasing problem is relatively easily solved. The aliasing problem cannot happen with numbers,because the interval representation (as discussed later) handles the general case. With most otherLisp object types, the Lisp reader generates a brand-new object which is guaranteed not to alias withany other object of the same type, hence the representative for that type can never become aliased.

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation10From this, we can see that the only possible aliasing problems are with symbol’s andcharacter’s.4The aliasing problem for symbols can be dealt with by either utilizing a very long symbol name(e.g., anonymous itself, or rumpelstiltskin), or by utilizing a name guaranteed to be unknownto the caller of subtypep�an un-interned symbol.The aliasing problem is the most severe for characters, because the set of characters is (normally)finite, and it is conceivable that a user will want to utilize the Common Lisp type system to answercomplex questions about sets of explicitly-named characters (e.g., "upper-case", "lower-case","digit", "alphabetic", etc.). Thus, during the element registration procedure, if a character isregistered that was previously the anonymous representative, then another character must begenerated that has not yet been mentioned. This requires an enumerator for the various subsets ofcharacters: character, base-character, and extended-character, which generates a newcharacter that has not yet been mentioned. Another alternative is to pre-register all characters,although this would slow down subtypep for the vast majority of questions which did not involvecharacters at all. A compromise solution would be to temporarily�for a particular call tosubtypep�register all characters when any character is explicitly mentioned.The example implementation of subtypep in Appendix II includes a registration procedure, andtherefore handles member correctly.7.3˚˚How to handle numeric intervalsInterval type specifiers such as (integer˚3˚(7)) (which means those integers between 3,inclusive, and 7, exclusive; i.e., {3,4,5,6}), cause problems because there is no a priori finite set ofrepresentatives which could answer all interval questions. Also, it is not at all obvious how togenerate an appropriate set of representatives at run-time. Therefore, we will have to develop adifferent representation from the bit-vector representation we have used so far, in order to handlenumeric interval type specifiers.The general representation for numeric interval type specifiers that we will use is an ordered unionof disjoint simple intervals. In our representation, a simple interval is a single clause of the form(ntype˚low˚high), where ntype is one of (integer, ratio, short-float, single-float,double-float, long-float) and low,high are the range end-points.5 In the ordered union thesimple intervals are not allowed to touch one another, where touching is defined as abutting soclosely that the two simple intervals could have been coalesced into one. This representation isclosed under the Boolean operations of finite union, finite intersection and complement. All ofthese operations are essentially linear in the size of the unions, since they involve a simple mergingprocess for the ordered unions.There is a slight complication in the definition of "touch" when doing unions in the various numberformats. For example, ( r a t i o ˚ 2 / 3 ˚ ( 1 ) ) t o u c h e s ( r a t i o ˚ ( 1 ) ˚ 1 3 / 2 ) , while(ratio˚2/3˚(7/8)) does not touch (ratio˚(7/8)˚13/2). Touching is not a property of theend-points of a simple interval, but of whether there are any numbers in between the two simpleintervals. 1 is between (ratio˚2/3˚(1)) and (ratio˚(1)˚13/2), but 1 is an integer, not aratio, so there are no ratio’s between the two sets, thus they do touch. 7/8 is between

4Some Common Lisp readers coalesce [CL90,p.694] all quoted expressions, meaning that quotedlists which print the same, may actually be the same (eq); since coalescing is done in a bottom-upfashion, sub-expressions are also coalesced. In such a case, one may have to resort to the "#,"notation of Common Lisp to guarantee non-aliased representatives from the reader.5Our representation is a slight generalization of the Common Lisp subrange specifier[CL90,p.61-62], because we do not require that ntype˚{low,high}, but allow the endpoints to beany orderable numbers; this representation is well-defined due to a recent change in Common Lispmaking numeric comparisons precise [CL90,p.290].

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation11(ratio˚2/3˚(7/8)) and (ratio˚(7/8)˚13/2), but since 7/8 is a ratio, the two simpleintervals do not touch.The one complication remaining is the handling of different types of numbers. By keeping differentunions of intervals in the 6 different number classes (integer, ratio, short-float,single-float, double-float, long-float)6 we can handle not only all straight-forward cases,but also all intersections, unions, and complements as well.Consider the following example. We know that rational is the disjoint union of integer andratio, so we can represent the simple interval (rational˚(2/3)˚13/2) by(or˚(integer˚(2/3)˚13/2)˚(ratio˚(2/3)˚13/2)), or after simplification,(or˚(integer˚1˚6)˚(ratio˚(2/3)˚13/2)),where the integers {1,2,3,4,5,6} are represented in the first set, and the non-integer rationals r,2/3˚<˚r˚£˚13/2, are represented in the second set. Notice that(and˚rational˚(not˚(integer˚1˚6)) becomes(or˚(integer˚*˚0)˚(integer˚7˚*)˚(ratio˚* *)),which means all the non-positive integers, plus the integers greater than 6, plus all non-integerrational numbers.7Using this union of disjoint simple intervals representation, we can canonicalize member constructsinto equivalent numeric ranges.8 This simplifies the processing of member type specifier clauses.As an example of this process, we transform (member 3 2/3 3.4s0) into(or (integer 3 3) (ratio 2/3 2/3) (short-float 3.4 3.4)).There are some technical problems which arise with floating-point number type specifiers. In orderto represent these numbers as numeric intervals (with "open" and "closed" end-points), we haveimplicitly assumed that floating-point numbers within each floating-point format are totally ordered.This means that for any two floating-point numbers x,y of the same format, either x<y, x>y, orx=y; exactly one of these three conditions must hold.Requiring that floating point numbers be totally ordered has several implications. First, if theunderlying implementation supports the IEEE floating point standard [IEEE82], with its "not-a-numbers" ("NaN’s"), then the set of supported bit-patterns of the floating-point format may not betotally ordered. For example, a projective, or unsigned, infinity, is not totally ordered with respectto the normal floating point values. One result of the existence of these "NaN’s" is that the typespecifier single-float is no longer identical to the type specifier (single-float˚*˚*), becausethe first contains the NaN’s, while the second contains only the finite floating point numbers.(Note that the IEEE NaN’s +¥ and -¥ are also not included in (single-float˚*˚*).)

6In the case where one or more of the differently named floating-point types are actually identical("aliased"), we map the named type into the representational type. For example,(short-float˚*˚*) may map into (single-float˚*˚*) during canonicalization if there is noseparate short-float type.7In our representation of rational ranges, we have assumed that rational”integer¨ratio, as inmost Common Lisp implementations. Common Lisp may allow for implementations with rationalswhich are not integers or ratios [CL90,p.39], but standard mathematics requires that these othernumbers act like integers and ratios�i.e., they can be compared using <,=,>,etc., and arithmeticcan be performed using +,-,*,etc. Our scheme ignores the differences between these "fake"integers/ratios and "real" integers/ratios, and treats them both as if they were "true" integers andratios. In this sense our scheme ignores the representation of a number and focuses on its value.8This canonicalization relies on type-of [CL90,p.65-67] to produce the correct number type forlabelling the single-point simple "interval". This usage neatly finesses the problem of "aliased"floating-point types, where an implementation may call a single floating-point type bothshort-float and single-float.

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation12Second, the total order on floating-point numbers must be consistent with eql, rather than =, elsethe canonicalization of (member˚x) into (single-float˚x˚x) is not valid. This is becausemember is defined in terms of eql [CL84,p.44], while intervals are defined in terms of <, >, and=. The only numeric value this should cause trouble for is minus zero (-0.0).9 -0.0 causes realheadaches because it cannot be distinguished from 0.0 by the numeric comparison predicates (=, <,>, etc.), but it can be distinguished by eql [CL84,p.79]. The determination of the numericintervals such as (float˚0.0˚1.0) is performed by the standard numeric ordering predicates (<,<=, etc.), while (member˚-0.0) is defined to use eql for its determination [CL84,p.44]. Ourcanonicalizing procedure above would represent (member˚-0.0) as (single-float˚-0.0˚-0.0),which is exactly the same set as (single-float˚0.0˚0.0)�i.e., {-0.0,0.0}�because thenumeric ordering predicates cannot distinguish between 0.0 and -0.0. In other words, ourrepresentation�as presented so far�cannot handle the singleton set {-0.0}. The simplest way tofix this problem is to define a new set of ordering predicates (<’, <=’, etc.), which can distinguishbetween 0.0 and -0.0, and then to use these predicates in the internal workings of our orderedunion operations. When canonicalizing using these predicates, we must be careful to fix upintervals which came in from outside subtypep and involve 0.0 as an end-point before furtherprocessing. This is necessary since these intervals implicitly include -0.0 due to the lack ofresolution of the standard comparison functions. This "fixup" would add -0.0 to the interval; forexample, converting (float˚0.0˚1.0) into (float˚-0.0˚1.0). (Needless to say, manycomputer scientists wish that -0.0 would go quietly away.)Thus, to handle floating-point numbers correctly, we must handle NaN’s as a discrete types e p a r a t e l y f r o m t h e n o r m a l f l o a t i n g p o i n t n u m e r i c r a n g e s ( i . e . , (and˚single-float˚(not˚(float˚*˚*))) contains the single-float NaN’s and is treated asan elementary type disjoint from (single-float˚*˚*)), while within the numeric ranges we usean ordering predicate which is consistent with eql.So far we have talked only about rational and float numbers, but not about complex numbers.It was not clear in Common Lisp-84 whether type specifier expressions such as(complex˚fixnum) or (complex˚(integer˚-10˚10)) were legal, and if legal, how they were tobe interpreted. The only requirement was that both the real and imaginary parts of a complexnumber were of the same type [CL84,p.19]. Common Lisp-90 provides a new functionupgraded-complex-part-type [CL90,p.68], which legitimizes and defines type specifiers suchas (complex˚(integer˚-10˚10)). If the range of the function upgraded-complex-part-typeis the set {rational, short-float, single-float, double-float, long-float}, then thevarious subsets of complex can be easily handled by a small number of representatives and treatedas discrete types. If, however, the range of this upgrading function includes subranges of thesetypes, then in order to properly implement a decision procedure for subtypep, we are required torepresent unions of rectangles on the complex plane, and while this is straight-forward, it is verytedious. (Note, however, that similar algorithms already exist in most computer graphics "windowsystems".)The Common Lisp non-complex numbers are thus seen to be the Cartesian product of the 6 numerictypes mentioned above, where each numeric type can be represented by an ordered union of disjointsimple intervals. Once we can put the simple range type specifiers into a canonic form which is anordered union of disjoint simple intervals, we can then combine them using and (intersection), or(union) and not (complement). It is then trivial to test it for emptiness, i.e., determine type-null.7.4˚˚Handling arraysType specifiers for array types utilize the following form: (array˚element-type˚bounds), whereelement-type is another type specifier expression and bounds is a form specifying what informationis known about the bounds of this array. Specifiers such as string and bit-vector are expanded

9The various infinities are not numeric values.

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation13into (array˚string-char˚(*))10 and (array˚bit˚(*)), as if they had been defined bydeftype. We actually use an internal form for array type specifiers which incorporates "simplicity"(simple/non-simple) information as another component; this complication adds additionalcomplexity but no additional insight.The type specifier (array˚element-type˚bounds) can actually be canonicalized into(array˚x˚bounds), where x is the "smallest" of the finite number of array-element-types that theimplementation provides which is large enough to hold element-type (here "smallest" and "largeenough" refer to subtypep recursively). Element-type can also be the lexical element "*". In thiscase the expression represents the union of array types (array˚x˚bounds), where x ranges over allof the array-element-types that the implementation supports.The bounds specifier can be "*", meaning no information, "n", meaning all rank-n arrays, or"(m˚n...p)", meaning all arrays with bounds (m˚n...p). Finally, one or more of the m, n, ...p canbe "*", meaning "no information for this dimension". Clearly, (array˚x˚*) is the countable unionof (array˚x˚i), for all non-negative integers i, (array˚x˚(*)) is the countable union of(array˚x˚(j)), for all non-negative integers j, and (array˚x˚(4˚*)) is the countable union of(array˚x˚(4˚j)), for all non-negative integers j, etc.A decision procedure for array type specifier expressions is complicated by the fact that subtypepcan ask some difficult questions about arrays, such as:(subtypep ’(array short-float (3 4)) ’(and (array * (* 4)) (array single-float (3 *))))The answer is true for an implementation in which short-floats and single-floats have thesame representation. The question is complicated by whether the implementation utilizes differenttype containers in the different arrays, and also whether subtypep is smart about array bounds.We first note that an implementation usually implements arrays of a finite number k ofelement-type’s and maps all other arrays into those k different kinds of arrays. Common Lisprequires k to be at least 3�general arrays, character arrays, and bit-arrays [CL84,p.29]). We willtreat each of the k implementation-dependent array-types similarly but separately. Within each ofthose array types, we need to handle each of the different possible array-bounds cases.11In order to handle the different possibilities of array-bounds, we must choose representatives forevery array rank (at least up to array-rank-limit), and then within that rank, choose appropriaterepresentatives. If Common Lisp allowed only type specifiers such as: (array˚*˚3) or(array˚*˚*), then rank differences would be the only issue, and we could choose ourrepresentatives in advance: associate the integer 2i with rank i, and the integer -1 with rank "*".Under this scheme, using two’s-complement integers, -1 would represent all of the different ranks[0,¥), while each particular rank would be associated with a positive power of 2. This preselectionstrategy for representatives will not work, however, for those more complex questions allowed byCommon Lisp, an example of which was shown above.We are thus led to a strategy by which appropriate representatives are chosen after a particular typespecifier expression is examined. We will continue to utilize integers (as infinite bit-vectors) to

10Although string-char is no longer a defined Common Lisp type [CL90,p.460], we here use"string-char" to mean the union of possible string element types. We could alternatively expand"string" as "the union of [the] one or more specialized vector types" that are used to implementstrings [CL90,p.460].11Some Common Lisp array implementations may remember the precise actual array element typethat was used when the array was created�i.e., the function upgraded-array-element-typeproduces a canonical representation of the given argument type. Such an implementation wouldappear to have an infinite number of different array-element-type’s. In this case, subtypepmust keep track of the array-element-type’s actually mentioned, as we do for the differentdimensions, rather than attempting to canonically represent all possible array-element-type’s.

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation14represent array bounds, but we will allocate more than one bit position for any array bounds whoseinteger indices are mentioned in the type specifier expression; e.g., (3˚4), (3˚*), and (*˚4), above.In the particular case above, we will require a single representative for the bounds (), (*), (*˚*˚*),(*˚*˚*˚*), etc., but we will require the following 4 representatives for the rank-two bounds: (3˚4),(3˚@), (@˚4), and (@˚@). We use "@" to represent the "@nonymous" representative of the un-mentioned bounds.We find that only (3˚4) belongs to the set represented by the specifier "(3˚4)", but both (3˚4) and(3˚@) belong to the set "(3˚*)", both (3˚4) and (@˚4) belong to "(*˚4)", and all four elementsbelong to "(*˚*)". In other words, array bounds specifiers like "(3˚*)" represent slices through amultidimensional rectangular box of bits, each of which is a particular representative for the arraybounds mentioned in its coordinate position. The process of choosing representatives andallocating bit-positions is similar to, but much more complicated than that for registering elements ina member construct. In general, the number of bit positions required for rank r is equal to(d1+1)(d2+1)...(dr+1), where the di are the number of distinct integers mentioned in dimension i(not counting "*"). In the case where no specific dimensions are mentioned, the formula gives 1 bitposition, which is equivalent to the unmentionable bounds (@˚@˚�˚@).In the example above, we will need 1 bit position for arrays of rank 0, 1 bit position for arrays ofrank 1, 4 bit positions for arrays of rank 2, and 1 bit position for arrays of rank 3 and above. Rank0 is mapped into bit position 0, rank 1 is mapped into bit position 1, rank 2 is mapped into bitpositions 2-5, rank 3 is mapped into bit position 6 and so forth for higher ranks. For the rowdimensions, we assign "3" the index 0 and "@" the index 1; for the column dimensions, we assign"4" the index 0 and "@" the index 1; we utilize the same row-major order as Common Lisp. Thus,the encoding for (array˚*˚(3˚4)) (ignoring the element-types) is #B00000100 or +4; theencoding for (array˚*˚(3˚*)) is #B00001100 or +12; the encoding for (array˚*˚(*˚4)) is#B00010100 or +20; the encoding for (array˚*˚(*˚*)) is #B00111100 or +60. Since(logand˚12˚20)=4, the two type specifier expressions are equivalent (not consideringelement-type and simplicity). (Notice that (array˚*˚3) is encoded as 26=64, while (array˚*˚*)is encoded as -1.)We do not even require the use of an entire integer for our bit-vector, since for any given typespecifier expression, only a finite number of different array ranks are actually mentioned. If weallocate 1 more bit position than the highest rank actually mentioned, then we will be sure to includeat least one representative for all the higher-ranked arrays. Using this technique, we can allocate thearray bounds bit-vectors for all different specialized element-types and simplicities as subsequencesof a single bit-vector. Furthermore, this array bit-vector could be a portion of the bit-vector for thebasic non-array type information.Handling the member construct with elements which are array objects is somewhat problematical.Unless a type specifier is constructed at run-time, it is impossible to ask a non-trivial subtypepquestion about array objects. This is due to the fact that the types of arrays created by the reader aredefined by Common Lisp [CL84, p.346-357] as being simple vectors of element-types bit,string-char or t, or simple arrays of element-type t.12 However, the simulation of typep usingsubtypep above requires the ability to handle any type of object within a member construct,including array objects.Handling actual array objects in a member construct is possible using our algorithm by increasingthe number of bits within the subsequence of the bit-vector which are allocated to the actual boundsof the given array. In other words, if an array of actual dimensions (3˚4) were mentioned in amember construct, then we would need to allocate at least two bits for arrays of dimension "(3˚4)"in the bit-vector; one bit for this specifically mentioned array, and one bit for all the anonymous, un-

1 2 T h e o n e t y p e o f n o n - t r i v i a l q u e s t i o n o n e c o u l d a s k i s (type-equal˚(member˚"a")˚(member˚"a")), i.e., does the reader share constant strings or not?This issue was discussed before in the footnote on the "member" section.

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation15mentioned arrays of the same dimensions. However, for non-simple arrays, the actual dimensionsmay not be well-defined, because they can be changed by adjust-array if they are adjustable.(This is the only situation within Common Lisp-84 [CL84] where an object can change its type andremain eq to itself�a highly undesirable situation.)For these reasons, we recommend against including array objects as elements in a memberconstruct, or trying to handle this case in a more algorithmic manner, until Common Lisp definesthe semantics more completely.7.5˚˚Handling user-defined data typesThere are three kinds of user-defined data types in Common Lisp�deftype types, defstructtypes and defclass (CLOS) types. deftype types are easily dismissed as type specifier "macros"which are expanded every time they appear, and expand into non-recursive type specifierexpressions. Thus, deftype types are used for brevity only, and do not require much additionalmachinery to handle properly. In this manner, many Common Lisp built-in type specifiers can betreated as deftype’s�bit, (mod˚n), (signed-byte˚s), (string˚size), etc.�an approach usedby many Common Lisp implementations.defstruct types are so called, because they are defined by the user with the defstruct construct,which defines a new "structured" type with components (like a record in other languages). If onedefstruct type "extends" another by including all of its components, then the second type isconsidered a subtype of the first. Objects for a particular defstruct type, also called "instances"of the defstruct type, are normally created using an automatically-defined, specialized functionmake-<typename>. CLOS types are those types added by CLOS as new classes are defined bydefclass. For the purposes of our decision procedure, defclass types act analogously todefstruct types.defstruct and defclass types are more troublesome than deftype types, because they materiallyextend the Common Lisp type system at run-time. As a result, they introduce some ambiguities inthe interpretation of subtypep. For example, if foo is a defstruct type, and no instances of foohave yet been created using the function make-foo, what should be the answer to the question(subtypep˚’foo˚nil)? At the time the question is asked, the answer is yes (t), but once aninstance has been created, the answer should be no (nil). Unfortunately, if one requires subtypepto accurately answer any such question regarding user-defined type elements, subtypep would berequired to be able to enumerate all elements of the given type. This process could require a verylong time, and would be unnecessary in all but the most perverse circumstances.It is unreasonable to expect Common Lisp’s subtypep predicate to register as representatives everyinstance of a defstruct datatype ever created. Yet without such a registration procedure,subtypep will never be able to properly answer all possible questions about those objects. This isbecause the user can always remember each created instance himself, and then ask�utilizingmember�whether the list of instances was equal to the entire set; subtypep would have toremember all the instances itself in order to answer correctly. However, if we change theinterpretation of user-defined data types slightly, we can correctly answer all questions regardinguser-defined data types.We propose that defstruct itself always create at least one "dummy" anonymous instance of thedata type. Since the user cannot become acquainted with this "dummy" instance, he will never beable to ask a type-equal question, but only a type containment question. Every user-defineddatatype is then non-empty at birth, since the "dummy" anonymous element is created andregistered with the type system. Yet since every call to make-xxx creates a brand-new instancenever before seen, the user can never ask the precise question about exactly which instances areelements of the type.This policy is reasonable, since it is already followed for the built-in types�it would be mostunusual if a Common Lisp system did not create at least one element of each of the built-indatatypes at initialization or system construction time. (We have already seen a similar problem

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation16with symbol’s�we need a symbol not mentioned or mentionable by the user�hence therumpelstiltskin symbol.) Therefore, the existence of anonymous elements of user-defineddatatypes which the user cannot name should not be unsettling.13Another interesting question arises from the need of all Lisp systems to perform garbage collection.Suppose that all instances of foo are garbage-collected; will (subtypep˚’foo˚nil) now answertrue? If a "dummy" instance of foo is still held by the type system, then it will not be garbage-collected, and the answer will be "no". This interpretation is equivalent to saying, "yes, the typefoo has elements, but they are not accessible". Since the determination of accessibility is extremelyexpensive, requiring an immediate full garbage collection, a more efficient, and hence more usefulsubtypep is obtained using the simpler interpretation of including inaccessible elements in the type.Handling defclass (CLOS) types is even easier for subtypep than handling defstruct types.14This is because CLOS is more explicit about the meaning of classes, as well as the mapping ofclasses into types. A class cannot be type-equal to one of its superclasses or subclasses[CL90,p.774], and CLOS goes on to require certain additional answers to subtypep questionswhere certain built-in types are concerned. The fact that a class cannot be type-equal to a sub- orsuper-class, guarantees that our technique of always registering a single dummy element for eachdifferent class will always work.15 That dummy element serves as a distinguishing element whichdistinguishes that class from every other class.16Our decision procedure does not handle certain cases where CLOS is used to extend the CommonLisp-84 primitive datatypes, specifically numbers and arrays, which subtypep handles specially.Let us first consider the problem of extended numbers. If the numeric type which is being extendedhas the metaclass built-in-class�the normal case�then any extension is an error[CL90,p.781]. If the numeric type has the metaclass standard-class, then the new type will be aproper subtype of its parent, which means that any numeric operations applicable to the parent typewill be applicable to the new type. This is because Common Lisp numeric operations are not"generic" [CL90,p.1024], and therefore cannot be specialized to operate differently for this newtype. However, this lack of specialization applies also to slots. Since the numeric operations are

13Some defstruct types are not intended to have instances, but are provided for the convenienceof two or more other defstruct types which "include" the first. Since Common Lisp does notprovide any mechanism for a programmer to enforce this intention, our scheme is consistent.14Note that in this paper, we show how to implement subtypep, not typep. This means that wedepend upon a correct implementation of typep for the proper behavior of subtypep. For CLOSclasses, the implementation of typep might be quite involved and complicated. Some CLOSimplementations might even find it advantageous to implement ( t y p e p ˚ x ˚ y ) as(values˚(subtypep˚(type-of˚x)˚y)), since the subtypep implementation described herealready provides the machinery to answer the hard questions. However, the proper implementationof typep is outside the scope of this paper.15CLOS defines (subtypep˚c˚d)˚”˚d˛cpl(c), where cpl(c) is the "class precedence list" of c[CL90,p.774,780-781], i.e., cpl(c)˚”˚{x˛ Classes˚|˚(subtypep˚c˚x)= t}. However,(subtypep˚c˚d) if and only if d˛cpl(c) if and only if cpl(c)˚cpl(d). Since the bit-vectors for c,dencode information equivalent to the sets cpl(c),cpl(d), our comparing of the bit-vectors is formallyequivalent to the CLOS definition.16Unlike the situation with structures, a Common Lisp programmer can (obliquely) express hisintention that no direct instances of a particular class be created, by overloading make-instance tosignal an error. In such a case, our dummy element is a bastard. Since CLOS does not allow anysubclass of this class to be type-equal to the class, even though the sets of (direct and indirect)instances may in fact be the same, CLOS thus destroys the extensionality of types. [McAllester86]calls classes of this kind uninstantiable classes. We believe that CLOS should allow a programmerto assert that a class is uninstantiable. We discuss this issue again in Section 9.

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation17not specialized, they cannot access any slots specific to the new type, and therefore their behaviorwill be exactly the same as with instances of the parent type�i.e., "normal" numbers. Theinstances of the extended type will be numbers with some "hidden" slots which only we knowabout, and since most arithmetic operations will generate a new "normal" number, these hiddenslots will not be propagated. These "extended numbers" are thus essentially useless.A more interesting possibility is that posed by extending the array type/class. Since the standardarray manipulating functions are not "generic" [CL90,p.1024], we would have the same problemthat we had with extended numbers�the behavior of these functions could not be specialized to theextended type. However, array manipulations tend to create new array instances much lessfrequently than numeric calculations create new numbers, so the lack of propagation of anyextended type-specific slots would not be a problem. The major problem for such an extended typeis how an instance could be created. make-array could not be used, since it would create a normalarray type. Since the array type is extensible, it is presumably an instance of standard-class, inwhich case there is an overloaded definition of make-instance which works for this type, whichcan be used to overload make-instance for the extended type. Extending our subtypep decisionprocedure to handle such array types could be quite difficult.As a result of these observations, we expect that most CLOS implementations will have all numericand array types "built-in", and hence incapable of extension/subclassing. In such implementations,numbers and arrays will then be disjoint from all other CLOS classes, as well as from each other,and so our "divide and conquer" strategy for dealing with numbers and arrays will continue towork.There is one other aspect of CLOS which is quite troublesome for our type system. This is thepossibility of an object changing its type dynamically during run-time. With the sole exception ofnon-simple arrays, which can change their array bounds (and hence their type) dynamically, everyother Common Lisp-84 object has a static type�i.e., the type of an object does not change aftercreation. The CLOS function change-class and the macro defclass can both modify the typesystem in such a way that an object’s type can change dynamically. Both operations have thepossibility of inflicting major damage on the type system, and are therefore quite dangerous. Giventhe major uses of subtypep in Common Lisp�for declarations and storage allocation�it appearsthat much is lost through these dynamically changing types.7.6˚˚Handling S A T I S F I E S The existence of satisfies clauses in a type specifier expression could be considered sufficientgrounds for subtypep answering "can’t determine". We can handle many of the easier forms ofsubtypep involving satisfies, however, if we first expand the argument type specifierexpressions in the manner indicated in the "obviously trivial" version of subtypep previouslydescribed in section 5. If this expansion is performed in the proper order, subtypep should at leastbe able to answer trivial questions such as:(subtypep˚’(and˚integer˚(satisfies˚oddp))˚’integer).While this is not a decision procedure, this set of heuristics should be capable of handling many ofthe easier questions; it may also slightly speed up questions not involving satisfies.One could also extend the basic (non-satisfies) decision procedure to handle certain cases ofsatisfies as follows. Treat each predicate symbol that occurs in a satisfies clause as anuninterpreted type name, and use a decision procedure for uninterpreted monadic predicate symbols[Church56] [Rackoff75] to decide the subtypep question. Such an extended subtypep decisionprocedure would then be well-defined, and would answer "can’t determine" only when the answerwould depend upon the specific interpretation of the predicate symbol�i.e., the actual semantics ofthe predicate. This extended subtypep decision procedure would then be NP-complete, since we

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation18could use it to do tautology-testing.17 While strictly more powerful than the non-extended decisionprocedure, we do not recommend this approach, since the additional machinery could slow downevery subtypep decision, even when it did not involve satisfies.7.7˚˚Putting it all togetherIn order to decide a subtypep question, we divide the whole question into several sub-questions bycomputing the homomorphic image of the type-specifier expressions for each of the kingdoms. Forexample, the homomorphic image of ( o r ˚ s y m b o l ˚ ( m e m b e r ˚ 3 ) ˚ b i t - v e c t o r ) is(or˚symbol˚nil˚nil)”symbol, (integer˚3˚3), or (array˚bit˚*), etc., depending upon thekingdom being decided. Each of these subquestions is then passed in turn to decision "experts" foreach of the main type "kingdoms" of Common Lisp: flat or discrete types, numeric ranges, arrayspecifiers, and user-defined types. The answer to the whole question is only true if all of thekingdom experts answers true. This conjunction results from the nature of the Lisp datatypeBoolean algebra as the Cartesian product of the disjoint kingdoms.Thus, we have shown how any subtypep question without the satisfies construct can beanswered by building a constructive model of the types (=˚sets) involved, and then performingBoolean operations on those sets. It has also been shown that, if ranges are not involved, therepresentation of any type specifier expression can be a single binary integer, and that any subtypequestion can be answered with a single logical bit-vector computation. The size in bits of theseintegers is relatively small in practice (perhaps 50 bits), although in the worst case, they can growexponentially in the size of the type specifier expression (due to the explosion of bits required forcomplex expressions involving higher-order arrays).The independent computation for each of the classes of types: basic types, ranges and arrays, are allperformed in parallel (hence the ability to implement most of the work using bit-strings). Thus, theworst case for a meet or a join operation is the logical and or or of several bit strings, along with anumber of range-meet or range-join operations for each of the different numeric range types.The code to implement this subtypep decision procedure, in addition to being fast, is also quitesmall, typically requiring fewer lines of code than the subtypep that is most likely provided withmost implementations (e.g., 3 pages for Kyoto Common Lisp’s subtypep, 15 pages for SymbolicsCommon Lisp, 18 pages for Spice Common Lisp’s subtypep). Furthermore, it works on even themost complicated type specifier expressions, eliminating the need to analyze some very complexcode (e.g., hairy-subtypep and friends).As a side-effect of this effort, one also gets the lattice operations of meet (= and) and join (= or)for the Common Lisp type system, which can be used for type inference [Baker90]. Additionally,one gets a very interesting representation and manipulation package for range arithmetic that canhandle ranges with holes; e.g., the domain of the reciprocal function 1/x. Unfortunately, meet andjoin produce their answers in a highly stylized canonical form, and converting from this form backinto a readable type specifier expression produces very complex and hard-to-understand typespecifier expressions. One can attempt to produce more readable expressions, but producing theshortest (or simplest?) type specifier expression equivalent to a particular canonical form is anNP-complete problem.

17McAllester’s boolean class system [McAllester86] utilizes a similar system to determine whether acertain class in an intentionally specified class system is allowed to have any members. His classesare defined by (essentially) uninterpreted monadic predicates among which certain subset relationsare posited.

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation198 . ˚ ˚ C o m p l e x i t y The time and space required to execute the decision procedure described above can be determinedby examining each of the components. We will measure complexity relative to the size of thearguments to subtypep. The basic operations are as follows:˚¥˚splitting the problem into disjoint domains˚¥˚solving the problem for each domain˚¥˚putting the answers togetherSplitting the problem into disjoint domains requires work linear in the size of the input argument,and putting the results back together is a simple conjunction whose size is proportional to thenumber of kingdoms. This splitting leaves most of the complexity within the domain specificdecisions.Discrete types are the built-in elementary types, excluding numeric ranges and arrays. We show inAppendix II an implementation of a decision procedure for discrete types which utilizes perhaps 30representatives for the built-in Common Lisp discrete types. Decisions involving member can causethe bit vectors to grow, but still in proportion to the elements mentioned.18 The actual setoperations with the bit-vectors will be of approximately quadratic complexity, since both thenumber of operations, as well as their size, will be proportional to the size of the input argument.The registering procedure itself can take anywhere from constant time per element registered to atime proportional to the total number of registered elements; this will be implementation dependent.This implementation dependency arises because during the registration of an element, we must calltypep for each discrete type known to the system, so that their bit-vectors can be updated.Numeric range decisions generally involve the manipulations of ordered unions of intervals, wherethe size of the unions is relatively small. However, one could construct examples where the unionsattain lengths which are exponential in the size of the input argument. These cases are highlyartificial, however, because they involve continually subdividing intervals into smaller and smallerpieces. In the typical case, the unions are extremely short�generally one or two intervals.Array type decisions involve the manipulations of relatively short bit-vectors. However, one canconstruct artificial examples where the lengths of the bit-vectors are exponential in the size of theinput argument. A certain amount of this complexity is forced, since we can ask the sort ofdatabase retrieval question posed in section 6 using array types. However, we consider suchexamples artificial, since they arise from arrays of high rank and widely varying dimensions.User-defined type decisions (without member) involve the manipulation of a number ofrepresentatives which is proportional to the number of user-defined types. Note, however, that anywork in registering these representatives is not charged to subtypep, because these types cannot bedefined within a call to subtypep. While the amount of work involved in registration might besubstantial, charging it to the creation of the type rather than to subtypep is reasonable. (The workof registering representatives is also likely to be completely swamped by the other activitiesinvolved in the creation of a type.) If there are a large number of built-in types, the normalexpectation is that once defined, these types remain relatively constant, while subtypep could becalled a large number of times. Thus, the amount of work charged to subtypep is at most a largeconstant times the size of the input specifier.Including actual objects in a member construct will cause the registration of those objects to becharged to subtypep, however. In such cases, a significant amount of work may have to be doneif there are a large number of user-defined types, as the work to register is proportional to thenumber of user-defined types.

18The set of representatives need grow only as the logarithm of the number of types, since nrepresentatives can distinguish 2n different types.

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation20In summary, the typical user of subtypep will see its execution taking an amount of time linearlyproportional to the size of the input specifiers, while heavy users of member and user-defined typeswill experience a more quadratic performance. Only the most perverse user will experience theexponential worst case behavior of this algorithm.199.˚˚Implications for future type systemsThe decision procedure developed for Common Lisp depends critically upon the exact language oftype specifiers. Changes in the type system in the direction of more specificity or changes in thecombining operators allowing more generality would have a profound effect on the ability of amechanical procedure to decide subtypep questions. For example, the equivalence of functionaltypes is undecidable, so any change in the direction of Scheme [Rees86] for allowing thecomparison of functions will make the problem intractable for Common Lisp.On the other hand, Common Lisp’s use of eql semantics for the member type specifier makes manyproblems trivially decidable�for example, those of "equivalent" functions. Whether eql semanticsis the most practical semantics within subtypep is not known.The attempt by CLOS to overload the predicate subtypep with the meaning "subclassp" is quiteunfortunate. Common Lisp already has a precise meaning for subtypep�extensional subset�while CLOS attempts to convert it into a predicate about intensions. This CLOS meaning destroysthe possibility of building abstract data types whose implementation is hidden, because the ability totest for "subclassp" means the ability to determine the superclasses of a class, and hence the slots ofthe class. The CLOS meaning thereby confuses membership ("is-a") with implementation("composed-from"). For example, one should not be able to deduce that a "set" is a "sequence" justbecause one happens to use a "sequence" to implement a "set". We suggest that CLOS implementinstead a predicate subclassp, and base method selection on this predicate, while allowingdefclass to independently specify extensional inclusion of the generated type.We also suggest that Common Lisp provide an "uninstantiable" specification for user-defined typeswhich specifies when a new type is not allowed to have any direct instances, so that the intention ofuser-defined types which are partitioned into subtypes which have direct instances can be specified.This terminology is introduced by McAllester in his very interesting paper [McAllester86] whichprovides a consistent interpretation for inheritance in a class system which has been completed intoa Boolean algebra.The current Common Lisp type specifier system does not provide the best possible informationregarding types in declarations for use in highly optimizing compilers. For example, one cannotspecify ranges which are bounded by a run-time variable in Common Lisp. Such type informationis highly useful in Ada, for example, for removing redundant run-time range checks [Ada83].Common Lisp curiously does not provide descriptive information about the types of items in its liststructures, yet this information can be invaluable in producing highly efficient code for manipulatinglists [Milner78]. Unfortunately, neither of these capabilities can be handled by the decisionprocedure described here.However, there are a few type specifier changes which could be handled by our techniques. One ofthese is the ability to describe the "alignment" of an integer as being divisible by 2, 4, 8, etc. Suchinformation would be extremely valuable in compiling the most efficient code for RISCarchitectures which can access objects only on certain address alignments.The current Common Lisp type system does not provide for any kind of context marker for theinterpretation of typep and subtypep questions. Such a context marker would be very helpful in

19This exponential behavior is caused only by the perverse use of arrays. Unlike [McAllester86],in which certain questions are co-NP complete because questions are asked about all interpretationsof a system of subsets, our procedure is fast because it is asking about a particular system ofsubsets.

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation21distinguishing between compile-time and run-time type environments, especially where user-defined types are involved. The lack of such a context marker makes the algorithm for decidingsubtypep a lot easier, but a lot less useful. This is because the important issue within a compiler iswhat values a object could take on in the environment of the run-time system, not what values it cantake on in the compile-time environment. As a result of this omission, Common Lisp compilerswill almost certainly utilize a different subtypep than the standard run-time version, and thecompile-time version will have to be less precise in order to allow for the differences between thecompile-time and the run-time environments.1 0 . ˚ ˚ C o n c l u s i o n s Logicians have long known that two logical systems related to the Common Lisp type system areknown to be decidable: the first-order theory of uninterpreted sets [Church56] [Rackoff75], and thefirst-order theory of rational order [Ferrante77] [Ferrante75] (a much easier version of Tarski’stheory of real closed fields [Tarski51]). It is almost obvious that these two results make theCommon Lisp type system (without satisfies) decidable. However, both of these decisionprocedures have multiply-exponential time bounds, and are of theoretical interest only.The decision procedure described here is similar to that for the first-order theory of uninterpretedsets in that it builds a constructive model using objects gleaned from the input arguments. Thisprocedure is very much cleaned up, however, for efficient implementation. Our decision procedurefor intervals is new, although it is a reasonably obvious extension of standard interval arithmetic. Ithas not been described before most likely because programming it in Fortran is too painful tocontemplate.AcknowledgmentsJeff Hirsch provided invaluable help in editing earlier versions of this paper. We are also indebtedto Carolyn Talcott and Richard Gabriel who refereed this paper and gave many valuable criticisms.ReferencesAda83. Reference Manual for the Ada¤ Programming Language. ANSI/MIL-STD-1815A-1983, US GPO, Wash,DC, 1983.Aho86. Aho, Alfred V.; Sethi, Ravi; and Ullman, Jeffrey D. Compilers: Principles, Techniques, and Tools. Addison-Wesley, 1986.Baker90. Baker, Henry G. "The Nimble Type Inferencer for Common Lisp-84". Submitted to ACM Trans. on Prog.Langs. and Systems.Bauer74. Bauer, Alan M., and Saal, Harry J. "Does APL really need run-time checking?" Software Practice andExperience, v.4, 1974,pp.129-138.Beer88. Beer, Randall D. "The compile-time type inference and type checking of Common Lisp programs: a technicalsummary". TR 88-116, Ctr. for Automation and Intelligent Sys. Research, Case Western Reserve Univ., May1988.Bobrow88. Bobrow, et al. "Common Lisp Object System Specification X3J13", ACM SIGPLAN Notices, v.23,Sept. 1988; also Lisp and Symbolic Computation 1, 3-4, pp245-394; also X3J13 Document 88-002R, June 1988.Borning82. Borning, Alan H. and Ingalls, Daniel H. H. "A Type Declaration and Inference System for Smalltalk"ACM POPL 9, 1982, pp.133-141.Budd88. Budd, Timothy. An APL Compiler. Springer-Verlag, NY, 1988.Church56. Church, A. Introduction to Mathematical Logic, Vol. I. Princeton University Press, 1956.CL84. Steele, Guy L., Jr. Common Lisp: The Language. Digital Press, 1984.CL90. Steele, Guy L., Jr. Common Lisp: The Language, Second Edition. Digital Press, Bedford, MA, 1990.Ferrante, J., and Rackoff, C. "A decision procedure for the first order theory of real addition with order". SIAM J.Comput. 4, 1 (1975),69-76.Ferrante, J. and Geiser, J. "An efficient decision procedure for the theory of rational order". Theor. Computer Sci. 4, 2(1977),227-234.Hughes68. Hughes, G.E., and Cresswell, M.J. An Introduction to Modal Logic. Methuen and Co., 1968.IEEE82. Floating-Point Working Group 754 of the Microprocessor Standards Committee. "A Standard for BinaryFloating-Point Arithmetic". IEEE, 345 E. 47’th St., New York, NY 10017, 1982.

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation22Loos83. Loos, R. "Computing in Algebraic Extensions". In Buchberger, et al. Computer Algebra: Symbolic andAlgebraic Computation, Second Edition. Springer-Verlag, New York, 1983, pp.173-187.Kaplan80. Kaplan, Marc A., and Ullman, Jeffrey D. "A Scheme for the Automatic Inference of Variable Types".JACM 27,1, Jan. 1980, pp.128-145.Ma, Kwan-Liu, and Kessler, Robert R. "TICL�A Type Inference System for Common Lisp". SW�Prac.&Exper.20,6 (June˚1990),593-623.MacLane67. MacLane, Saunders and Birkhoff, Garrett. ALGEBRA. Macmillan, 1967.McAllester, David, and Zabih, Ramin. "Boolean Classes". Proc. ’86 OOPSLA, Sigplan Notices 21,11 (Nov.1986),417-423.Milner78. Milner, Robin. "A Theory of Type Polymorphism in Programming" JCSS 17, 1978,pp.348-375.Morris73. Morris, J.H. "Types are Not Sets". ACM POPL, 1973, pp.120-124.Rackoff75. Rackoff, C.W. "The complexity of theories of the monadic predicate calculus". IRIA Rep. 136,Roquencourt, France, 1975.Rees86. Rees, J. and Clinger, W., et al. "Revised Report on the Algorithmic Language Scheme". SIGPLAN Notices21, 12 (Dec. 1986), 37-79.Scott76. Scott, D. "Data types as lattices". SIAM J. Computing, 5,3 (Sept. 1976), 522-587.Steele78. Steele, Guy L., Jr. Rabbit: A Compiler for SCHEME (A Study in Compiler Optimization). AI-TR-474,Artificial Intelligence Laboratory, MIT, May 1978.Suzuki81. Suzuki, Norihisa. "Inferring Types in Smalltalk". ACM POPL 8, 1981,pp.187-199.Tarski51. Tarski, A. A Decision Method for Elementary Algebra and Geometry, 2nd ed., Univ. of Cal. Press,Berkeley, 1951.Appendix˚I.˚˚Axioms for Lattices and Boolean Algebras [MacLane67].A lattice is a set U together with a predicate £ on U.For all x, x £ x.(Reflexivity)If x £ y and y £ x, then x = y.(Antisymmetry)If x £ y and y £ z, then x £ z.(Transitivity)Define x � y to be greatest lower bound of x,y under £. Define x � y to be least upper bound of x,yunder £.x � x = x, x � x = x(Idempotency)x � y = y � x, x � y = y � x(Commutativity)x � (y � z) = (x � y) � z, x � (y � z) = (x � y) � z(Associativity)x � (x � y) = x � (x � y) = x(Absorption)x � y = x if and only if x � y = y if and only if x £ y(Consistency)If y £ z, then x � y £ x � z and x � y £ x � z(Monotonicity)x � (y � z) ‡ (x � y) � (x � z),(Distributive inequalities)x � (y � z) £ (x � y) � (x � z)If x £ z, then x � (y � z) £ (x � y) � z.(Modular inequality)A Boolean algebra is a lattice with ^ and T which is modular, distributive and complemented.If x £ z, then x � (y � z) = (x � y) � z(Modularity)x � (y � z) = (x � y) � (x � z),(Distributivity)x � (y � z) = (x � y) � (x � z)Let x’ denote the complement of x.(Complemented)x � x’ = ^, x � x’ = T, x’’ = x(x � y)’ = x’ � y’, (x � y)’ = x’ � y’(DeMorgan)

Lisp and Symbolic Computation 5,3 (Sept.˚1992), 157-190.' 1989 Nimble Computer Corporation23Appendix˚II.˚˚Simple implementation of subtypep for a trivial type systemThe following code is purely pedagogical; no production system would implement subtypepexactly this way. In particular, we apologize for the use of side-effects. However, for"anonymous" types created by member, one must either register them for the current call tosubtypep, or register them once and for all. Depending upon the situation, either version could bemore efficient: the temporary registration policy would be better if the type is only used once, whilethe permanent registration policy would be better if the type is used many times�e.g., if subtypepwere called with the anonymous type within a loop.(defconstant *standard-type-specifiers* ’(FIXNUM BIGNUM FLOAT RATIO COMPLEX INTEGER RATIONAL CHARACTER NULL SYMBOL KEYWORD LIST etc.) "List of all built-in type names")(defconstant *representatives* ’(0 43574358734543 1.0 3/4 #C(1 1) #\S nil t :foo #(1 2) "Foo" #*10110 #2A((1 2) (3 4)) #.*standard-input*) "List of representatives for all equivalence classes")(defun rep-bit (elt) "Return a bit-vector with bit set for this element" (let ((pos (position elt *representatives*))) (if pos (ash 1 pos) (progn (nconc *representatives* ‘(,elt)) (rep-bit elt)))))(defun register (elt) "Register this element with all known types; return rep-bit" (dolist (typ *standard-type-specifiers*) (if (and (typep elt typ) (zerop (logand (rep-bit elt) (eval typ)))) (incf (symbol-value typ) (rep-bit elt)))) (rep-bit elt))(defun elements (&rest elts) "Register elements and return OR of element bits" (reduce #’logior (mapcar #’register elts)))(dolist (typ *standard-type-specifiers*) (set typ 0))(apply #’elements *representatives*) ; Register all representatives(defun subtypep (x y) "Predicate for subtype testing; map into bit-vector algebra" (let ((exp (sublis ’((and . logand) (or . logior) (not . lognot) (member . elements)) ‘(and ,x (not ,y))))) (eval exp) ; Dress rehersal to make sure elements are registered. (values (zerop (eval exp)) t))