Communications of the ACM 21, 4 (April 1978), 280-294.1List Processing in Real Time ona Serial ComputerHenry G. Baker, Jr.Massachusetts Institute of Technology

A real-time list processing system is one inwhich the time required by the elementary listoperations (e.g. CONS, CAR, COR, RPLACA,RPLACD, EQ, and ATOM in LISP) is bounded by a(small) constant. Classical implementations oflist processing systems lack this propertybecause allocating a list cell from the heap maycause a garbage collection, which processrequires time proportional to the heap size tofinish. A real-time list processing system ispresented which continuously reclaims garbage,including directed cycles, while linearizing andcompacting the accessible cells into contiguouslocations to avoid fragmenting the free storagepool. The program is small and requires notime-sharing interrupts, making it suitable formicrocode. Finally, the system requires thesame average time, and not more than twice thespace, of a classical implementation, and thosespace requirements can be reduced toapproximately classical proportions by compactlist representation. Arrays of different sizes, aprogram stack, and hash linking are simpleextensions to our system, and reference countingis found to be inferior for many applications.Key Words and Phrases: real-time,compacting, garbage collection, listprocessing, virtual memory, file or databasemanagement, storage management, storageallocation, LISP, CDR-coding, referencec o u n t i n g . CR Categories: 3.50, 3.60, 3.73, 3.80, 4.13,4.22, 4.32, 4.33, 4.35, 4.49

Copyright ' 1978 by the Association for Computing Machinery,Inc. Permission to make digital or hard copies of part or all of thiswork for personal or classroom use is granted without fee provided thatcopies are not made or distributed for profit or direct commercialadvantage and that copies show this notice on the first page or initialscreen of a display along with the full citation. Copyrights forcomponents of this work owned by others than ACM must be honored.Abstracting with credit is permitted. To copy otherwise, to republish, topost on servers, to redistribute to lists, or to use any component of thiswork in other works whether directly or by incorporation via a link,requires prior specific permission and/or a fee. Permissions may berequested from Publications Dept, ACM Inc., 1515 Broadway, NewYork, NY 10036 USA, fax +1 (212) 869-0481, orpermissions@acm.org.This research was supported by the Advanced Research ProjectsAgency of the Department of Defense and was monitored by theOffice of Naval Research under contract number N00014-75-C-0522.Author’s address: Computer Science Department, University ofRochester, Rochester, NY 14627.1. Introduction and Previous WorkList processing systems such as LISP [25] have slowlygained popularity over the years in spite of some rathersevere handicaps. First, they usually interpreted theirprograms instead of compiling them, thus increasing theirrunning time by several orders of magnitude. Second, thestorage structures used in such systems were inefficient in theuse of storage; for example, compiling a program sometimeshalved the amount of storage it occupied. Third, processinghad to be halted periodically to reclaim storage by a longprocess known as garbage collection, which laboriouslytraced and marked every accessible cell so that thoseinaccessible cells could be recycled.That such inefficiencies were tolerated for so long is atribute to the elegance and productivity gained byprogramming in these languages. These languages freed theprogrammer from a primary concern: storage management.The programmer had only to call CONS (or its equivalent) toobtain a pointer to a fresh storage block; even better, theprogrammer had only to relinquish all copies of the pointerand the storage block would automatically be reclaimed bythe tireless garbage collector. The programmer no longer hadto worry about prematurely freeing a block of storage whichwas still in use by another part of the system.The first problem was solved with the advent of goodcompilers [27,32] and new languages such as SIMULAespecially designed for efficient compilation [1,5,14]. Thesecond was also solved to some extent by those samecompilers because the user programs could be removed fromthe list storage area and freed from its inefficient constraintson representation.1 Other techniques such as compact listrepresentation ("CDR-coding") [12,19] have been proposedwhich also offer partial solutions to this problem.This paper presents a solution to the third problem ofclassical list processing techniques and removes thatroadblock to their more general use. Using the method givenhere, a computer could have list processing primitives builtin as machine instructions and the programmer would still beassured that each instruction would finish in a reasonableamount of time. For example, the interrupt handler for akeyboard could store its characters on the same kinds oflists�and in the same storage area�as the lists of the mainprogram. Since there would be no long wait for a garbagecollection, response time could be guaranteed to be small.Even an operating system could use these primitives tomanipulate its burgeoning databases. Business databasedesigners no longer need shy away from pointer-basedsystems for fear that their systems will be impacted by aweek-long garbage collection! As memory is becomingcheaper,2 even microcomputers could be built having theseprimitives, so that the prospect of controlling one’s kitchenstove with LISP is not so far-fetched.A real-time list processing system has the property thatthe time required by each of the elementary operations isbounded by a constant independent of the number of cells inuse. This property does not guarantee that the constant willbe small enough for a particular application on a particularcomputer, and hence has been called "pseudo-real-time" bysome. However, since we are presenting the system

1In many cases, a rarely used program is compiled not tosave time in its execution, but to save garbage-collectedstorage space.2Work is progressing on 106 bit chips.

Communications of the ACM 21, 4 (April 1978), 280-294.2independent of a particular computer and application, it is themost that can be said. In all but the most demandingapplications, the proper choice of hardware can reduce theconstants to acceptable values.Except where explicitly stated, we will assume theclassical Von Neumann serial computer architecture with realmemory in this paper. This model consists of a memory, i.e.a one-dimensional array of words, each of which is largeenough to hold (at least) the representation of a nonnegativeinteger which is an index into that array; and a centralprocessing unit, or CPU, which has a small fixed number ofregisters the size of a word. The CPU can perform mostoperations on a word in a fixed, bounded amount of time. Theonly operations we require are load, store, add, subtract, testif zero, and perhaps some bit-testing. It is hard to find acomputer today without these operations.As simple as these requirements are, they exclude virtualmemory computers. These machines are interesting becausethey take advantage of the locality of reference effect, i.e. thenonzero serial correlation of accesses to memory, to reducethe amount of fast memory in a system without greatlyincreasing the average access time. However, the timerequired to load a particular word from virtual memory into aCPU register is not bounded because the primary memory mayhave to fetch it from a lower level memory. Since we aremore interested in tight upper bounds, rather than averageperformance, this class of machines is excluded.Since the primary list processing language in use todayis LISP, and since most of the literature uses the LISPparadigm when discussing these problems, we will continuethis tradition and center our discussion around it. Due to itssmall cells, which consist of 2 pointers apiece, LISP is also akind of worst case for garbage collection overhead.There are two fundamental kinds of data in LISP: list cellsand atoms. List cells are ordered pairs consisting of a car anda cdr, while atoms are indecomposable. ATOM(x) is apredicate which is true if and only if x is an atom (i.e. if andonly if x is not a list cell); EQ(x,y) is a predicate which is trueif and only if x and y are the same object; CAR(x) and CDR(x)return the car and cdr components of the list cell x,respectively; CONS(x,y) returns a new list cell (not EQ to anyother accessible list cell) whose car is initially x and whosecdr is initially y; RPLACA(x,y) and RPLACD(x,y) store yinto the car and cdr of x, respectively. We assume here thatthese seven primitives are the only ones which can access orchange the representation of a list cell.There have been several attempts to tackle the problemof real time list processing. Knuth [22,p.422] creditsMinsky as the first to consider the problem, and sketches amultiprogramming solution in which the garbage collectorshares time with the main list processing program. Steele’spaper [30] was the first in a flurry of papers aboutmultiprocessing garbage collection which includedcontributions by [16,17] and [23,24]. [28] independentlydetailed the Minsky-Knuth-Steele method, and both [28] and[33] analyzed the time and storage required to make it work.The Minsky-Knuth-Steele-Muller-Wadler (MKSMW)method for real-time garbage collection has two processesrunning in parallel. The list processor process is called themutator while the garbage collector is called the collector(these terms are due to [16]). The mutator executes the user’sprogram while the collector performs garbage collection overand over again. The collector has three phases: mark, sweep,and relocate. During the mark phase, all accessible storage ismarked as such, and any inaccessible storage is picked upduring the sweep phase. The relocate phase relocatesaccessible cells in such a way as to minimize the addressspace required. Since the mutator continues running while themark and relocate phases proceed, the free list must be longenough to keep the mutator from starvation. During thesweep phase, cells must be added to the free list faster thanthey can be taken off, on the average, lest the net gain incells from that garbage collection cycle be negative.The behavior of this algorithm under equilibriumconditions (which is when a cell is let go for every cellCONSED, and when the rates of cell use by the mutator, and ofmarking, sweeping, and relocating by the collector, are allconstant) was studied in [28] and [33]. If we let m be the ratioof the rate of CONSING to that of marking, s be the ratio ofthe rate of CONSING to that of sweeping, and r be the ratio ofthe rate of CONSING to that of relocating, then we can deriveestimates of the size of storage needed to support anaccessible population of N cells under equilibriumconditions.3 Using these assumptions, we derive:Maximum MKSMW Storage Required£ N m+(m+1)(r+1)1-s(r+1)

+ size of collector stackWe note that r=0 if there is no relocation (i.e. it happensinstantaneously), and we have the simpler expression:Maximum MKSMW Storage Required£ N 1+2m1-s

+ size of collector stackThe collector stack seems to require depth N to handle theworst case lists that can arise, but each position on the stackneed only hold one pointer. Since a LISP cell is twopointers, the collector stack space requirement is 0.5N.Thus, we arrive at the inequality:Maximum MKSMW Storage Required £ N 1.5+2m-.5s1-s

These estimates become bounds for nonequilibriumsituations so long as the ratios of the rate of CONSING to therates of marking, sweeping, and relocating are constant; i.e.we relativize the rates of marking, sweeping, and relocatingwith respect to a CONS counter rather than a clock.The Dijkstra-Lamport (DL) method [16,17,23,24] alsohas the mutator and collector running in parallel, but thecollector uses no stack. It marks by scanning all of storagefor a mark bit it can propagate to the marked cell’s offspring.This simple method of garbage collection was consideredbecause their concern was proving that the collector actuallycollected only and all garbage. Due to its inefficiency, wewill not consider the storage requirements of this method.Both the MKSMW and the DL methods have the drawbackthat they are parallel algorithms and as a result are incrediblyhard to analyze and prove correct. By contrast, the methodwe present is serial, making analyses and proofs easy.2. The MethodOur method is based on the Minsky garbage collectionalgorithm [26], used by Fenichel and Yochelson in an earlyMultics LISP [18], elegantly refined in [11], and applied byArnborg to SIMULA [1]. This method divides the list spaceinto two semispaces. During the execution of the userprogram, all list cells are located in one of the semispaces.When garbage collection is invoked, all accessible cells aretraced, and instead of simply being marked, they are moved to

3Of course s<1, or else the storage required is infinite.

Communications of the ACM 21, 4 (April 1978), 280-294.3the other semispace. A forwarding address is left at the oldlocation, and whenever an edge is traced which points to acell containing a forwarding address, the edge is updated toreflect the move. The end of tracing occurs when allaccessible cells have been moved into the "to" semispace(tospace) and all edges have been updated. Since the tospacenow contains all accessible cells and the "from" semispace(fromspace) contains only garbage, the collection is doneand the computation can proceed with CONS now allocatingcells in the former fromspace.This method is simple and elegant because 1) it requiresonly one pass instead of three to both collect and compact,and 2) it requires no collector stack. The stack is avoidedthrough the use of two pointers, B and S. B points to the firstfree word (the bottom) of the free area, which is always in thetospace. B is incremented by COPY, which transfers old cellsfrom the fromspace to the bottom of the free area, and byCONS, which allocates new cells. S scans the cells intospace which have been moved, and updates them bymoving the cells they point to. S is initialized to point tothe beginning of tospace at every flip of the semispaces andis incremented when the cell it points to has been updated. Atall times, then, the cells between S and B have been moved,but their cars and cdrs have not been updated. Thus, whenS=B all accessible cells have been moved into tospace andtheir outgoing pointers have been updated. This method ofpointer updating is equivalent to using a queue instead of astack for marking, and therefore traces a spanning tree of theaccessible cells in breadth-first order.Besides solving the compaction problem for classicalLISP, the Minsky-Fenichel-Yochelson-Cheney-Arnborg(MFYCA) method allows simple extensions to handlenonuniformly sized arrays and CDR-coding because freestorage is kept in one large block. Allocation is thereforetrivial; one simply adds n to the "free space pointer" toallocate a block of size n.Copying garbage collectors have been dismissed bymany as requiring too much storage for practical use (becausethey appear to use twice as much as classical LISP), but weshall see that this judgement was, perhaps, premature.We present the MFYCA algorithm here in pseudo-Algol-BCPL notation. The notation "a[b]" means the contents ofthe word whose address is the value of a plus the value of b,i.e. the contents of a˚+˚b. If it appears on the left hand sideof ":=", those contents are to be changed. Thus, p[i] refers tothe ith component of the vector pointed to by p. Thefunction size(p) returns the size of the array pointed to by p.The notation "a˚&˚b" is similar to the notation "a;˚b" inthat a and b are executed in order; however, "a˚&˚b" returnsthe value of a rather than the value of b. Thus, ";" and "&"are the duals of one another: "a1; a2; �; an" returns the lastvalue (that of an) whereas "a1& a2& �& an" returns the firstvalue (that of a1).Our conventions are these: the user program has a bankof NR registers R[1], �, R[NR]. The user program may not"squirrel away" pointers outside of the bank R during a call toCONS because such pointers would become obsolete ifgarbage collection were to occur. (We will show later how todeal with a user program stack in such a way that the real-timeproperties of our system are not violated.) Pointers either areatoms or refer to cons cells in fromspace or tospace. A conscell c is represented by a 2-vector of pointers: car(c)=c[0],cdr(c)=c[1]. FLIP, F R O M S P A C E and T O S P A C E areimplementation-dependent routines. FLIP interchanges theroles of fromspace and tospace by causing CONS and COPYto allocate in the other semispace and the predicatesFROMSPACE and TOSPACE to exchange roles. FLIP alsohas the responsibility of determining when the new tospaceis too small to hold everything from the fromspace plus thenewly consed cells. Before flipping, it checks ifsize(fromspace) is less than (1+m)[size(tospace)-(T-B)],where T is the top of tospace, and if fromspace (the newtospace) is too small, either it must be extended, or thesystem may later stop with a "memory overflow" indication.

% The Minsky-Fenichel-Yochelson-Cheney-Arnborg [26,18,11,1] Garbage Collector.pointer B;% Bottom; points to bottom of free area.pointer S;% Scan; points to first untraced cell.pointer T;% Top; points to top of tospace.% Assertions: S£B£T and T-B is even.pointer procedure CONS(x,y) ”% Allocate the list cell (x.y) begin if B = T% If there is no more free space, then% collect all the garbage. begin% This block is the "garbage collector". flip();% Interchange semispaces. for i=1 to NR% Update all user registers. do R[i]:=move(R[i]); x:=move(x); y:=move(y);% Update our arguments. while S<B% Trace all accessible cells. do begin S[0]:=move(S[0]);% Update the car and cdr. S[1]:=move(S[1]); S:=S+2% Point to next untraced cell. end end; if B‡T then error;% Memory is full. B[0]:=x; B[1]:=y;% Create new cell at bottom of free area. B & (B:=B+2)% Return the current value of B end;% after stepping it to next cell.pointer procedure CAR(x) ” x[0];% A cell consists of 2 words:

Communications of the ACM 21, 4 (April 1978), 280-294.4pointer procedure CDR(x) ” x[1];% car is 1st; cdr is 2nd.procedure RPLACA(x,y) ” x[0]:=y;% car(x) := yprocedure RPLACD(x,y) ” x[1]:=y;% cdr(x) := yboolean procedure EQ(x,y) ” x=y;% Are x,y the same object?boolean procedure ATOM(x) ”% Is x an atom? not tospace(x);pointer procedure MOVE(p) ”% Move p if not yet moved; return new address. if not fromspace(p)% We only need to move old ones. then p% This happens a lot. else begin if not tospace(p[0])% We must move p. then p[0]:=copy(p);% Copy it into the bottom of free area. p[0]% Leave and return forwarding address. end;pointer procedure COPY(p) ”% Create a copy of a cell. begin% Allocate space at bottom of free area. if B‡T then error;% Memory full? B[0]:=p[0]; B[1]:=p[1];% Each cell requires 2 words. B & (B:=B+2)% Return the current value of B end;% after moving it to next cell.% TOSPACE, FROMSPACE test whether a pointer is in that semispace.

In order to convert MFYCA into a real-time algorithm,we force the mark ratio m to be constant by changing CONSso that it does k iterations of the garbage collection loopbefore performing each allocation. But this means that bothsemispaces contain accessible cells at almost all times. Inorder to simplify the algorithm and the proof, we trick theuser program into believing that garbage collection ran andfinished at the time of the last flip; i.e. we assert that, asbefore, the user program sees addresses only in tospace.Some slight effort must be made to keep up thisappearance. When the semispaces are interchanged, all theuser program registers must be updated immediately to pointto tospace. This gives the collector a head start on themutator. Since the only operations that might violate ourassertion are CAR and CDR, we make sure that CAR and CDRcause forwarding addresses to be followed, and cells to bemoved, when necessary. This ensures that the mutator cannotpass the collector. It turns out that preserving our assertionis much simpler than preserving the correspondingassertions of DL [16,17,23,24]. In particular, RPLACA andRPLACD cannot cause any trouble at all!There is another problem caused by interleaving garbagecollection with normal list processing: the new cells thatCONS creates will be interleaved with those moved, therebydiluting the moved cells which must be traced by CONS. Ofcourse, new cells have their cars and cdrs already in tospaceand therefore do not need to be traced. We avoid this waste oftrace effort through the use of the pointer T, which points tothe top of the free area, and by allocating all new cells there.

% Serial Real-Time System (SRT).integer k;% Global trace ratio parameter:% the number of cells to trace per cons.pointer T;% Top; Points to top of free area.pointer procedure CONS(x,y) ”% Do some collection, then allocate (x.y). begin if B=T% Check if free area is empty. then begin% Switch semispaces. Memory is full if S<B then error;% if tracing is not finished. flip();% Flip semispaces. for i=1 to NR do R[i]:=move(R[i]);% Update user registers x:=move(x); y:=move(y);% and our arguments. end; for i=1 to k while S<B% Do k iterations of gc. do begin S[0]:=move(S[0]);% Update car and cdr. S[1]:=move(S[1]); S:=S+2% Go on to next untraced cell. end; if B=T then error; T := T-2;% Actually create the cell. T[0] := x; T[1]:=y;% Move in car and cdr. T% Return address of new cell. end;

Communications of the ACM 21, 4 (April 1978), 280-294.5pointer procedure CAR(x) ” x[0]:=move(x[0]);% Move, update and return x[0].pointer procedure CDR(x) ” x[1]:=move(x[1]);% Move, update and return x[1].% Procedures not redefined here are as before.

The time required by all of the elementary list operationsin this algorithm, with the exception of CONS, can easily beseen to be bounded by a constant because they are straight-line programs composed from primitives which are boundedby constants. CONS is also bounded by a constant becausethe number of mutator registers is a (small) fixed number (e.g.16), and the parameter k is fixed. In principle, given thenumber of registers and the parameter k, the two loops inCONS could be expanded into straight-line code; hence thetime it requires is also bounded by a constant.The proof that the incremental collector eventuallymoves all accessible cells to tospace is an easy induction.Upon system initialization there are no accessible cells,hence none in tospace, and so we have a correct basis.Suppose that at some point in the computation we have justswitched semispaces so that tospace is empty. Supposefurther that there are N accessible cells in fromspace whichmust be moved to tospace. Now, every cell which wasaccessible at the time of flipping eventually gets movedwhen it is traced, unless lost through RPLACA and RPLACD,and as a result appears between S and B. Furthermore, a cell ismoved only once, because when it is moved it leaves behind aforwarding address which prevents it from being movedagain. When the pointer S reaches a cell, its edges aretraced�i.e. the cells they point to are moved, if necessary.Finally, only cells which have been moved appear between Sand B. Therefore, the number of those accessible, unmovedcells in fromspace decreases monotonically, eventuallyresulting in no accessible, unmoved cells in fromspace. Atthis point, the collector is done and can interchange the twosemispaces.It should be easy to see why the other list operationscannot adversely affect the progress of the collector. A CARor CDR can move a cell before the collector has traced it. Butsince moving it increases B but not S, it will be traced later.RPLACA and RPLACD can affect connectivity, but since allof their arguments are already in tospace, they have alreadybeen moved and may or may not have been traced. ConsiderRPLACA(p,q). Suppose that p has been traced and q has not.But since q has been moved but not traced, it must be betweenS and B and will not be missed. Suppose, on the other hand,that q has been traced and p has not. Then when p is traced,the old CAR of p will not be traced. But this is all right,because it may no longer be accessible. If it still is the targetof an edge from some accessible cell, then it either alreadyhas, or will be, traced through that edge. Finally, if eitherboth p and q have been traced or both have not been, there isobviously no problem.This algorithm can also be proved correct by the methodsof DL [16,17,23,24], because this particular sequence ofinterleaving collection with mutation is only one of the legalexecution sequences of the DL algorithm on a serial machine.Therefore, if the DL algorithm is correct, then so is this one.The correspondence is this: white nodes are those whichreside in fromspace, i.e. those which have not yet beenmoved; grey nodes are those which have been moved but havenot yet been traced, i.e. those between S and B; and blacknodes are those which have been moved and traced, and thosewhich have been allocated directly in tospace (cells below Sor above T). Then the assertions are:A) each node will only darken monotonically;B) no edge will ever point from a black node to a white one;andC) the user program sees only grey or black nodes.We can now see why the burden is on CAR and CDRrather than RPLACA and RPLACD�the latter will not violateB so long as the former does not violate C. Using theseassertions, we see that the mutator and the mark phase of thecollector are essentially doing the same thing: tracingaccessible cells. The difference is that the collector goesabout it systematically whereas the mutator wanders. Thus,only the collector knows for sure when all the cells infromspace have been traced so that the two semispaces can beinterchanged. Assertion C also allows CAR and CDR toupdate a cell in which a pointer to fromspace is found, thusreducing pointer-chasing for cells which are accessed morethan once.We must now analyze the storage required by thisalgorithm. Suppose that at some flip of the semispaces thereare N accessible nodes. Then the collector will not have tomove or trace any more than N cells. If it traces (makesblack) exactly k cells per CONS, then when the collector hasfinished, the new semispace will contain £N+N/k=N(1+m)cells, letting m=1/k. If only N of these are accessible, as inequilibrium conditions, then the next cycle of the collectorwill copy those N cells back to the first semispace, whileperforming Nm CONSES. Hence, we have the inequality:Maximum SRT Storage Required £ N(2+2m) = N(2+2/k)Therefore, for a program which has a maximum cellrequirement of N cells operating on a fixed-size real memoryof 2M cells, the parameter k must be greater than N/(M-N) toguarantee that tracing is finished before every flip.If we compare the bound for our algorithm with the boundfor MKSMW, using the unlikely assumption that sweepingand relocation take no time (s=r=0), we find that they arequite similar in storage requirements.Maximum MKSMW Storage Required < N(1.5+2m)Maximum SRT Storage Required £ N(2+2m)If m=1 (which corresponds to one collector iteration perCONS), the two algorithms differ by only 1 part in 8, whichis insignificant given the gross assumptions we have madeabout MKSMW’s sweeping and relocation speeds. It is notlikely that the storage requirements of a MKSMW-typealgorithm can be significantly improved because it cannottake advantage of techniques such as stack threading or CDR-coding. Stack threading cannot be done, because accessiblecells have both their car and cdr in use.4 CDR-coding usingMKSMW is very awkward because CONS must search for afree cell of the proper size and location before allocating acell, since the free space is fragmented. On the other hand,our algorithm can be easily modified to use CDR-coding andthereby reduce storage requirements to approximatelyN(1+m).

4The Deutsch-Schorr-Waite collector [22,p.417-418]"threads" the stack but temporarily reverses the list structure,thus locking out the mutator for the duration.

Communications of the ACM 21, 4 (April 1978), 280-294.63. The Parameter m (= 1/k)If k is a positive integer, then the parameter m (=1/k)will lie in the interval 0<m£1. Therefore, the factor of 1+min our bounds must lie between 1 and 2. This means that thestorage requirements for our method can be adjusted byvarying k, but they will not vary by more than a factor of 2 aslong as k is integral. Now, the time to execute CONS isproportional to k+c, for some suitable constant c. Therefore,one can trade off storage for CONS speed, but only withinthis limited range. Furthermore, as k rises above 4 thestorage savings become insignificant; e.g. doubling k to 8yields a storage savings of only 10%, yet almost doublesCONS time. Of course, if storage is limited and response timeneed not be fast, larger k’s might be acceptable.If the method is used for the management of a largedatabase residing on secondary storage, k could be made apositive rational number less than 1, on the average. Forexample, to achieve an average k=1/3 (m=3), one could haveCONS perform an iteration of the collector only every thirdtime it was called. The result of this would double the storagerequired (m+1=4), but would reduce the average CONS time byalmost 2/3. Of course, the worst case time performance forCONS would still be the same as though k were 1.This improvement is significant because each iterationof the collector traces all the pointers of one record. Thisrequires retrieving that record, updating all of its pointers bymoving records if necessary, and then rewriting the record. Ifthere are t pointers to be updated, then t+1 records must beread and written. This sounds like a lot of work, but thismuch work is done only when a record is created; if there areno record creations, then with the exception of the firstaccess of a record via a pointer stored in another record, theaccessing and updating functions will be as fast as on anyother file management scheme. Therefore, since secondarystorage is usually cheap but slow, choosing k<1 in a filemanagement system allows us to trade off storage spaceagainst average record creation time.With a little more effort, k can even be made variable inour method, thus allowing a program to dynamicallyoptimize its space-time tradeoff. For example, in a databasemanagement system a program might set k=0 during aninitial load of the database because it knows that, eventhough there are many records being created, none are beinglet go, and therefore the continual copying of the collectorwill achieve no compaction. The function READ in LISPmight want to exercise the same prerogative and for the samereason. Of course, any reduction of k should not take effectuntil the next flip to avoid overflowing storage before then.4. A User Program StackIf the user program utilizes its own stack as well as abank of registers, the stack may (in theory) grow to anunbounded size and therefore cannot be wholly updated whenthe semispaces are flipped and still preserve a constant boundon the time for CONS. This problem may be trivially solvedby simulating the stack in the heap (i.e. PUSH(x) ”CONS(x,stack) and POP() ” CDR(stack)); this simulation willsatisfy the bounded-time constraints of classical stackmanipulation. However, this simulation has the unfortunateproperty that accessing items on the stack requires timeproportional to their distance from the top.In order to maintain constant access time to elementsdeep in the stack, we keep stack-like allocation anddeallocation strategies but perform the tracing of the stack inan incremental manner. We first fix the stack accessingroutines so that the user program never sees pointers infromspace. This change requires that the MOVE routine mustbe applied to any pointers which are picked up from the userstack. We must then change CONS to save the user stackpointer when the semispaces are flipped so that it knowswhich stack locations must be traced. Finally, the user stackPOP routine must keep this saved pointer current to avoidtracing locations which are no longer on the user stack [28].The only remaining question is how many stacklocations are to be traced at every CONS. To guarantee thatstack tracing will be finished before the next flip, we mustchoose the stack tracing ratio k’ (the number of stacklocations traced per CONS) so that the ratio k’/k is the sameas the ratio of stack locations in use to cons cells in use. Werecompute k’ at each flip, because the "in use" statistics areavailable then. Due to this computation, a constant bound onthe time for CONS exists only if the ratio of stack size toheap size is bounded, and it is proportional to that ratio.

% Serial Real-Time System with User Stack.% The user stack resides in the array "ustk" and grows upward from "ustk[0]". The global variable SP is the user stack pointer% and points to the current top of the user stack. The global variable SS scans the user stack and points to the highest stack% level which has not yet been traced by the collector.integer SP init(0);% User stack pointer.integer SS init(0);% User stack scanner.procedure USER_PUSH(x) ”% Push x onto user stack. begin% Note: x will not be in fromspace. SP:=SP+1; ustk[SP]:=x end;pointer procedure USER_POP() ”% Pop top value from user stack. move(ustk[SP]) &% Move value if necessary. begin SP:=SP-1;% then update stack pointer. SS:=min(SS,SP)% Keep stack scanner current. end;pointer procedure USER_GET(n) ”% Get nth element from top of stack. ustk[SP-n]:=move(ustk[SP-n]);% Move and update if necessary.

Communications of the ACM 21, 4 (April 1978), 280-294.7pointer procedure CONS(x,y) ”% Collect some, then allocate (x.y). begin if B=T% Check if free area is empty. then begin% Interchange semispaces. if SS>0 or S<B% Check for memory overflow. then error; N:=flip();% Set N to number of cells in use. SS:=SP;% Start stack scan at top of stack. k’:=ceil(k*SS/N);% Calculate stack trace effort. for i=1 to NR do R[i]:=move(R[i]);% Update user registers x:=move(x); y:=move(y);% and our arguments. end; for i=1 to k’ while SS>0% Move k’ user stack elements and do begin% update scan pointer. ustk[SS]:=move(ustk[SS]); SS:=SS-1 end; for i=1 to k while S<B% Do k iterations of gc. do begin S[0]:=move(S[0]);% Trace and update car, cdr. S[1]:=move(S[1]); S:=S+2 end; if B=T then error; T:=T-2;% Actually create the cell. T[0]:=x; T[1]:=y;% Install car and cdr. T% Return address of new cell. end;

The preceding code exhibits these changes.The complexity involved in this conversion isessentially that necessary to make the serial real-time methodwork for several different spaces [27]. In such a system, eachspace is a contiguous area in the address space disjoint fromthe other spaces, and has its own representation conventionsand allocation (and deallocation) strategies. The system ofthis section thus has two spaces, the heap and the user stack,which must be managed by cooperating routines.5. CDR-Coding (Compact List Representation)In this section, we discuss the interaction of ouralgorithm with a partial solution to the second big problemwith list structures: their inefficient use of storage. Whereasa list of 5 elements in a language like Fortran or APL wouldrequire only a 5 element array, such a list in LISP requires 5cells having two pointers apiece. So-called "CDR-coding"[12,19] can reduce the storage cost of LISP lists by as muchas 50%. The idea is simple: memory is divided up into equal-sized chunks called Q’s. Each Q is big enough to hold 2 bitsplus a pointer p to another Q. The 2 bits are decoded via thetable:00�NORMAL;CAR of this node is p; CDR is in thefollowing Q.01�NIL;CAR of this rode is p; CDR is NIL.10�NEXT;CAR of this node is p; CDR is thefollowing Q.11�EXTENDED;The cell extension located at p holds thecar and cdr for this node.5CDR-coding can reduce by 50% the storage requirementsof a group of cells for which CDR is a 1-1 function whoserange excludes non-nil atoms. This is a non-trivial saving,

5These conventions are slightly different from [19].as all "dotless" s-expressions read in by the LISP reader havethese properties. In fact, it has been found [12] that, afterlinearization, 98% of the non-NIL cdrs in several large LISPprograms referred to the following cell. These savings aredue to the fact that CDR-coding takes advantage of theimplicit linear ordering of addresses in address space.What implications does this coding scheme have for theelementary list operations of LISP? Most operations mustdispatch on the CDR code to compute their results, andRPLACD needs special handling. Consider RPLACD(p,q). Ifp has a CDR code of NIL or NEXT, then it must be changed toEXTENDED, and the result of CONS(CAR(p),q) placed in p.6The number of memory references in the elementaryoperations has been minimized by making the followingpolicies [20]: 1) every EXTENDED cell has a NORMALextension; 2) the user program will never see a pointer to theextension of an EXTENDED cell; and 3) when COPY copiesan EXTENDED cell, it reconstitutes it without an extension.CONS, CAR, CDR, RPLACA, and RPLACD must bechanged to preserve these assertions, but EQ and ATOMrequire no changes from their non-CDR-coded versions.Since an EXTENDED cell cannot point to another EXTENDEDcell, the forwarding of EXTENDED pointers need not beiterated. These policies seem to minimize memory referencesbecause each cell has a constant (between flips) canonicaladdress, thereby avoiding normalization [30] by everyprimitive list operation.CDR-coding requires a compacting, linearizing garbagecollector if it is to keep allocation simple (because it usestwo different cell sizes) and take full advantage of thesequential coding efficiency. The MFYCA algorithm

6We note in this context that if RPLACD is commonlyused to destructively reverse a list�e.g. by LISP’s"NREVERSE"�the system could also have a "PREVIOUS"CDR-code so that RPLACD need not call CONS so often.

Communications of the ACM 21, 4 (April 1978), 280-294.8presented above compacts, but does not linearize cdrs due toits breadth-first trace order. However, the trace order of anMFYCA collector can easily be modified at the cost of anadditional pointer, PB. PB keeps track of the previous valueof B (i.e. PB points to the last cell copied), so that tracingthe cdr of the cell at PB will copy its successor into the nextconsecutive location (B), thus copying whole lists intosuccessive contiguous locations.The meaning of the scan pointer S is then changedslightly so that it points to the next word which must beupdated rather than the next cell. Finally, the trace routine ismodified so that tracing the cdr of PB has priority overtracing the edge at S and the condition on the trace loop ismodified to amortize both the copying effort (measured bymovements of B ) and the tracing effort (measured bymovements of S) over all the CONSES. These modificationsdo not result in a depth-first trace order, but they do result incdr-chains being traced to the end, with few interruptions.Thus an MFYCA collector can minimize the amount ofmemory needed by CDR-coded lists.

% Serial Real-Time System with CDR-Codingpointer S;% Next cell whose car needs tracing.pointer PB;% Pointer to previous value of B.pointer L,H;% Low and high limits of tospace.% Assertion: L£S£PB£B£T£H.pointer procedure CONS(x,y) ”% Create a new cell in tospace with begin% car of x and cdr of y. if T-B<2% Flip when free area is exhausted. then begin% This part is the same as usual. if S<B then error;% Interchance semispaces. flip(); for i=1 to NR do R[i]:=move(R[i]);% Update user registers. x:=move(x); y:=move(y)% Update our arguments. end; while (S+B)/2-L < k*(H-T) and S<B% Trace and copy a measured amount. do if PB<B% Extend current list, if possible. then PB:=(B&CDR(PB));% CDR will trace this edge for us. else begin S[0]:=move(S[0]);% Update this edge. S:=S+1% Step S over this word. end; if B=T then error;% Check for memory overflow. T:=T-1;% Create new cell at top of free area. if y=nil then code(T):="NIL"% If y is special case, else if y=T+1% then create a short cell then code(T):="NEXT"% with appropriate cdr-code, else begin% Otherwise, create a normal cell. if B=T then error;% Need more space for the cdr. T:=T-1; code(T):="NORMAL";% Set in "NORMAL" cdr-code. T[1]:=y% Set in the cdr. end; T[0]:=x;% Set the car in the new cell. T% Return the new cell. end;pointer procedure CAR(x) ”% CAR must move cell it uncovered. brplaca(x,move(bcar(x)));% Update this edge.procedure RPLACA(x,y) ”% x[0]:=y. May require subtlety. brplaca(x,y);pointer procedure BCAR(x) ”% Basic car; dispatch on CDR-code. if code(x)="EXTENDED"% Type "EXTENDED" means then (x[0])[0]% indirect car. else x[0];% All other types have normal cars.pointer procedure BRPLACA(p,q) ”% Basic rplaca; dispatch on CDR-code. if code(p)="EXTENDED"% If extended cell, clobber indirectly. then (p[0])[0]:=q else p[0]:=q;% All others have normal car.pointer procedure CDR(x) ”% CDR moves uncovered cell, but updates brplacd(x,move(bcdr(x)));% only if still possible after move.

Communications of the ACM 21, 4 (April 1978), 280-294.9procedure RPLACD(x,y) ”% x[1]:=y. May require brute force. begin if code(x)="NIL" or code(x)="NEXT"% Test for screw cases. then% EXTENDED case will fall through. begin pointer p;% Extend the cell x. p:=CONS(CAR(x),"DUMMY");% Construct guaranteed NORMAL cell. x:=move(x); y:=move(y);% Update arguments in case CONS flipped. x[0]:=p;% Leave forwarding address in old cell. code(x):="EXTENDED"% The old cell has now been extended. end; brplacd(x,y)% Finally replace the cdr. end;pointer procedure BCDR(x) ”% Basic cdr; dispatch on CDR-code. if code(x)="NORMAL" then x[1]% NORMAL cells have a second word. else if code(x)="NIL" then nil% Interpret NIL CDR-code. else if code(x)="NEXT" then x+1% Interpret NEXT CDR-code. else (x[0])[1];% EXTENDED cells point to NORMAL cells.pointer procedure BRPLACD(p,q) ”% Handle easy cases of RPLACD. if code(p)="EXTENDED"% We have extended cell; then (p[0])[1]:=q% clobber the NORMAL indirect. else if code(p)="NORMAL"% The easiest case of all. then p[1]:=q else q;% In all cases, return q as value.integer procedure SIZE(p) ”% Find the size of p from its CDR-code. if code(p)="NORMAL"% "NIL", "NEXT" and "EXTENDED" all have then 2 else 1;% size(p)=1.pointer procedure COPY(p) ”% Copy the cell p; append to current begin% train if possible. if PB=B-2 and bcdr(PB)=p% See if we can hop this NEXT train. then begin code(PB):="NEXT";% Convert NORMAL cell to NEXT cell. B:=B-1% Reuse extra space now available. end; if bcdr(p)=nil% Create a NIL cell, if appropriate. then code(B):="NIL" else code(B):="NORMAL";% Otherwise, all cells are NORMAL. B[0]:=bcar(p);% Copy over car; brplacd(B,bcdr(p));% and cdr too, if necessary. PB:=B;% PB is end of current NEXT train. B:=B+size(B);% Step B over newly copied cell, if B>T then error;% check for memory overflow, PB% and return pointer to new copy. end;% Procedures not redefined here are as before.

The size of the tospace needed for CDR-coding is (1+m)times the amount of space actually used in fromspace. With acoding efficiency improvement of e over the classical storageof LISP cells, and under equilibrium conditions, we have theinequality:Maximum SRTC Storage Required £ Ne(2+2m)Since we have claimed that e».5, we get the followingestimate:SRTC Storage Required » N(1+m) (!)But this latter expression is less than the boundcomputed for MKSMW. Thus, CDR-coding has given us backthe factor of 2 that the copying garbage collector took away.The real-time properties of our algorithm have not beenaffected in the least by CDR-coding; in fact, good microcodemight be able to process CDR-coded lists faster than normallists since fewer references to main memory are needed.CDR-coding is not the final answer to the codingefficiency problems of list storage, because far more compactcodes can be devised to store LISP’s s-expressions. Forexample, both the car and cdr of a cell could be coded byrelative offsets rather than full pointers [12]. However, amore compact code would represent some cells in so few bitsthat the pointer we need for a forwarding address would notfit, rendering our scheme unworkable. Part of the problem isinherent in LISP’s small cell size; small arrays can performmuch better.6. Vectors and ArraysArrays can be included quite easily into our framework ofincremental garbage collection by simply enclosing certainparts of the collector program in loops which iterate throughall the pointers in the array, not just the first and second. Theconvergence of the method with regard to storage space canalso be proved and bounds derived. However, the method canno longer claim to be real-time because neither the time takenby the array allocation function (ARRAY-CONS) nor the timetaken by the array element accessing function is bounded by aconstant. This unbounded behavior has two sources: copying

Communications of the ACM 21, 4 (April 1978), 280-294.10an array and tracing all its pointers both require timeproportional to the length of the array. Therefore, if theseoperations are included in a computer as noninterruptableprimitive instructions, hard interrupt response time boundsfor that computer will not exist. However, an arbitrary bound(say 10), placed on the size of all arrays by either the systemor the programmer, allows such bounds to be derived.A scheme which overcomes some of these problems hasbeen devised [31]. In it, each vector is given a special linkword which holds either a forwarding pointer (for vectors infromspace which have been partially moved), a backward link(for incomplete vectors in tospace), or NIL (for completevectors). MOVE no longer copies the whole array, but onlyallocates space and installs the forward and backward links.Any reference to an element of a moved but incompletelyupdated vector will follow the backward link to the fromspaceand access the corresponding element there. When the scanpointer in the tospace encounters such a vector, its elementsare incrementally updated by applying MOVE to thecorresponding elements of its old self; after the new one iscomplete, its link is set to NIL. Element accesses toincomplete vectors compare the scan pointer to the elementaddress; access is made to the old (new) vector if the scanpointer is less (greater or equal). Tracing and updatingexactly k¥n vector elements (not necessarily all from thesame vector) upon every allocation of a vector of length nguarantees convergence.Steele’s scheme has the following properties: the timefor referencing an element of any cell or vector is bounded bya constant while the time to allocate a new object of size n isbounded by c1kn+c2, for some constants c1 and c2. Hence, asequence of list and vector operations can be given tight timebounds.7. Hash Tables and Hash LinksSome recent artificial intelligence programs written inLISP have found it convenient to associate property listswith list cells as well as symbolic atoms. Since few cellsactually have property lists, it is a waste of storage toallocate to every cell a pointer which points to the cell’sproperty list. Therefore, it has been suggested [9] that onebit be set aside in every cell to indicate whether the cell has aproperty list. If so, the property list can be found by lookingin a hash table, using the address of the list cell as the key.Such a table requires special handling in systems havinga relocating garbage collector. Our copying scheme giveseach semispace its own hash table, and when a cell is copiedover into tospace, its property list pointer is entered in the"to" table under the cell’s new address. Then when the copiedcell is encountered by the "scan" pointer, its property listpointer is updated along with its normal components. A"CDR-coding" system with two "scan" pointers should alsokeep a third for tracing property list pointers to preventproperty lists from destroying chains of "next"-type cells.8. Reference CountingIn this section we consider whether reference countingcan be used as a method of storage reclamation to processlists in real time; i.e. we try to answer the question "isreference counting worth the effort in a real-time system, andif so, under what conditions?"A classical reference count system [13,34] keeps for eachcell a count of the number of pointers which point (refer) tothat cell; i.e. its in-degree. This reference count (refcount) iscontinually updated as pointers to the cell are created anddestroyed, and when it drops to zero, the cell is reclaimed.When reclaimed, the refcounts of any daughter cells it pointsto are decremented, and are also reclaimed if zero, in arecursive manner.Reference counting appears to be unsuitable for real-timeapplications because a potentially unbounded amount of workmust be done when a cell is let go. However, if a free stack isused to keep track of freed objects instead of a free list [34],the newly freed cell is simply pushed onto the free stack.When a cell is needed, it is popped off the stack, the refcountsof its daughters are decremented, and if zero, the daughters arepushed back onto the stack. Then the cell which was poppedis returned. In this way, only a bounded amount of workneeds to be done on each allocation.We now consider the storage requirements of a referencecounting (RC) system. In addition to the memory for N cells,we also need room for N refcounts and a stack. Since therefcounts can go as high as N, they require approximately thesame space as a pointer. So we have:Maximum RC Space Required£ 1.5N + the size of the "free stack"The worst case stack depth is N. However, whenever acell is on the stack, its refcount is zero, so we can thread thestack through the unused refcounts! So we now have:Maximum RC Space Required £ 1.5 NReference count systems have the drawback that directedcycles of pointers cannot be reclaimed. It has been suggested[15,22] that refcounts be used as the "primary" method ofreclamation, using garbage collection (GC) as a fallbackmethod when that fails. Since RC will not have to reclaimeverything and since the average refcount is often very small,it has also been suggested that a truncated refcount (a boundedcounter which sticks at its highest value if it overflows) beused to save space.We say that garbage in a combination RC and GC systemis ref-degradable if and only if it can be reclaimed byrefcounts alone. Cells whose truncated refcounts are struckare therefore non-ref-degradable.What is the effect of a dual system in terms ofperformance? Whatever the RC system is able to recycle putsoff flipping that much longer. By the time a flip happens insuch a two level system, there is no ref-degradable garbageleft in tospace. Therefore, the turnover of the semispaces isslowed.How much memory does the dual system require? Iftruncated refcounts are used, the free stack cannot be threadedthrough a cell’s refcount because it is not big enough to holda pointer. Therefore, using this method and assuming only afew bits worth of truncated refcount per cell, we have:Maximum SRT + RC Space Required£ N(2+2m) + RC free stack £ N(2.5+2m)So it appears that we have lost something by addingrefcounts (even tiny ones), because we still need room for thefree stack.Let us now examine more closely the average timing ofCONS under a pure RC versus a pure SRT system. The averagetime for CONS under the RC system is the same as themaximum time since there is no freedom in the algorithm.The time for CONS in SRT is c1k + c2, where c1 and c2 areconstants. Now c2 is simply the time to allocate space from acontiguous block of free storage. Certainly incrementing apointer is much less complex than popping a cell from astack, following its pointers, decrementing their refcounts,

Communications of the ACM 21, 4 (April 1978), 280-294.11and if zero, pushing them onto the stack. Therefore, we canchoose k small enough7 so that the average time to performCONS with our SRT method is smaller than the average timeto perform CONS in an RC system.8 This analysis does noteven count the additional time needed to keep the refcountsupdated. Of course, the storage required for our "pure" SRTsystem may be many times the storage of the RC system, butSRT will have a smaller average CONS time.Since this seems counterintuitive, or at least reactionary(given the current penchant for recycling), we give arationale for why it is so. Reference counting traces thegarbage cells, while normal garbage collection traces theaccessible cells. Once the number of garbage cells exceedsthe number of accessible cells in a region of storage, it isfaster to copy the accessible cells out of the region andrecycle it whole. When m>1, reference counting cannotcompete timewise with garbage collection because RC musttrace a cell for every cell allocated while GC traces on theaverage only a fraction (1/m) of a cell for every cell allocated.On the other hand, if we wish to minimize storage bymaking m<1, a dual scheme with truncated refcounts shouldreduce the average CONS time over that in the pure scheme.However, CDR-coded lists and other variable sized objectscannot be easily managed with reference counting because theobject at the top of the free stack is not necessarily the rightsize for the current allocation. Thus, CDR-coding can reducethe storage requirement of a "pure" scheme below that of a"dual" system with the same m. But even on a system withobjects of uniform size, we are skeptical whether theincreased average efficiency of CONS in the "dual" systemwill offset the increase in k needed to keep the storagerequirements the same as the "pure" system. We concludethat, at least on a real memory computer, reference countingprobably is not a good storage management technique unlessone a) has uniformly sized objects; b) uses full counts; and c)guarantees no cycles.This is not to say that reference counts are not useful. Ifthe LISP language were extended with a function to return thecurrent refcount of an object, and suitably clean semanticswere associated with this function, then one might be able tomake use of this information within the user program tospeed up certain algorithms, such as structure tracing orbacktracking, � la Bobrow and Wegbreit [8]. This author isnot aware of any language which makes this informationavailable; if it were available, good programmers wouldcertainly find a use for it.9. The Costs of Real-Time List ProcessingThe amount of storage and time used by a real-time listprocessing system can be compared with that used by aclassical list processing system using garbage collection ontasks not requiring bounded response times. The storagerequired by a classical noncompacting garbage collector isN(1+m), if the system uses the Deutsch-Schorr-Waite (DSW)[22,p.417-418] marking algorithm, and N(1.5+m) if it uses anormal stack, for some positive m. If CDR-coding is used,copying must be done; the storage requirement is thenNe(2+2m), where e is the efficiency of the coding. Since e isnear .5 [12], the requirement is about N(1+m), so that CDR-

7Section 3 deals with nonintegral k’s.8We can discount the additional time occasionallyrequired by CAR and CDR in our method because anyrelocation and pointer updating done by them is work that wehave charged to CONS, and does not have to be recounted.coding requires approximately the same space as DSW.Comparing these expressions with those derived earlier forour real-time algorithms, we find that processing LISP listsin real-time requires no more space than a non-real-timesystem using DSW. If larger non-uniform-sized objects likearrays must be managed, real-time capability requires no morespace than the MFYCA system, since a copying collector isalready assumed.The average time requirement for CONS in our real-timesystem is virtually identical to that in a classical MFYCAsystem using the same cell representation and the sameamount of storage. This is because 1) a classical system cando mN CONSES after doing a garbage collection which marksN nodes�thus giving an average cons/mark ratio of m andallowing us to identify m with m�and 2) garbage collectionin our real-time system is almost identical to that in theMFYCA system, except that it is done incrementally duringcalls to CONS. In other words, the user program pays for thecost of a cell’s reclamation at the time the cell is created bytracing some other cell.CAR and CDR are a bit slower, because they must testwhether the value to be returned is in fromspace. However, asnoted above, any cell movement done inside CAR or CDRshould not be charged to CAR or CDR because it is workwhich the collector would otherwise have to do and thereforehas already been accounted for in our analysis of CONS.Therefore, CAR and CDR are only slower by the time requiredfor the semispace test.9Since RPLACA, RPLACD, EQ, and ATOM are unchangedfrom their classical versions, their timings are alsounchanged.The overhead calculated for our serial system can becompared to that in the parallel system of [33]. According tothese calculations, a parallel garbage collector requiressignificantly more total time than a nonparallel collector.But this contradiction disappears when it is realized that theauthor’s parallel collector continues tracing even in theabsence of any cell creation activity. Since our system keyscollector activity to cell creation, the collector effort is aboutthe same as on a non-real-time system.10. Applications1) A Fixed Size, Real Memory Computer.This application covers the classical 7090 LISP [25] aswell as a LISP for a microcomputer. We conceive of even 16-bit microcomputers utilizing this algorithm for real-timeprocess control or simulation tasks. Each of the listprocessing primitives is intended to run with interruptsinhibited, so that all interrupt processing can make use of liststorage for its buffers and other needs. Multiple processesmay also use these primitives so long as CONS, CAR, andCDR are used by one process at a time; i.e. they are protectedby one system-wide lock. Of course, the system must beaware of the registers of every process.For these real memory applications, we want to put asmuch of the available storage under the management of thealgorithm as possible. Thus, both atoms (here we mean thewhole LISP atom-complex, not just the print-name) and listnodes are stored in the semispaces. CDR-coding is usually agood idea to save memory, but unless the bit testing is done

9In Greenblatt’s LISP machine [19], the virtual memorymap performs the semispace test as an integral part of addresstranslation.

Communications of the ACM 21, 4 (April 1978), 280-294.12in microcode, it may be faster to use normal cells and increasethe parameter k to keep the storage size small.The average CONS time is reduced by putting off flippinguntil all of the free space in tospace is exhausted, i.e. B=T.Thus, after all moving and tracing is done, i.e. S= B ,allocation is trivial until B=T. As a result, the average CONStime in our real-time system is approximately the same asthat in a classical system. Of course, with a memory size of2M, the maximum number of cells that can be safely managedis still Mk/(k+1).2) A Virtual Memory Computer.The current epitome of this application is Multics LISPwith an address space of 236 (»1011) 36-bit words, room forbillions of list cells. The problem here is not in reclaimingcells that are let go, but keeping accessible cells compact sothat they occupy as few pages of real memory as possible.The MFYCA algorithm does this admirably and ours doesalmost as well.Our scheme is still real-time on a virtual memorycomputer, but the bounds on the elementary list operationsnow have the order of magnitude of secondary storageoperations.There are some problems, however. Unlike MFYCA,wherein both semispaces were used only during garbagecollection, our method requires that they both be active (i.e.partially in real memory) at all times. This may increase theaverage working set size. A careful analysis needs to be madeof our algorithm in order to estimate the additional cost ofincremental garbage collection. Brief consideration tells usthat the active address space varies from a minimum ofN(1+m) just before a flip to N(2+2m) just after. Since at a flipthe user program registers are updated in numerical order,relatively constant pointers should be placed in the lowernumbered registers to keep the trace order of constant liststructure similar between flips. If the average size of anobject is much larger than the size of a pointer, the workingset may also be reduced by storing the forwarding addresses ina separate table instead of in the old objects in fromspace [7].In a virtual memory environment, the active addressspace will automatically expand and contract in response tochanges in the number of accessible cells if 1) FLIP re-adjuststhe size of fromspace to (1+m)[cells in tospace] just beforeinterchanging the semispaces; and 2) flipping occurs whentracing finishes rather than when B meets T. This policy,plus a smaller k than a real memory computer would use,should give both a fast CONS and a tolerable working setsize. The parameter k can also be dynamically adjusted tooptimize either running time (including paging) or costaccording to some pricing policy by following an analysissimilar to that of Hoare and others [2,10,21].3) A Database Management System.We conceive of a huge database having millions ofrecords, which may contain pointers to other records, beingmanaged by our algorithm. Examples of such databases are abill of materials database for the Apollo Project, or acomplete semantic dictionary and thesaurus of English for alanguage understanding program. Performing a classicalgarbage collection on such a databank would be out of thequestion, since it might require days or weeks to complete,given current disk technology.Some of these large database systems currently depend onreference counts for storage reclamation, and so do not allowdirected cycles of pointers. Since our method performsgeneral garbage collection, this restriction could be dropped.Moreover, given enough space, our algorithm can take evenless time than a reference count system. When compared witha classical garbage collection system, our method would notsave any total time in processing transactions against such adatabase, but it would avoid the catastrophic consequences ofa garbage collection during a period of heavy demand.This case is very much like case 1, the real memorycomputer, because we assume that the database is orders ofmagnitude too big to fit into primary memory and thus thatthere is little hope for a speedup from the locality of referenceeffect. "Read memory" and "store memory" instructions hereapply to secondary storage; the constant bounds for theelementary operations are now on the order of millisecondsrather than microseconds. Therefore, almost everything thatwe say about real memory implementations also applies tolarge database implementations, except that space is cheaperand time is more dear.4) A Totally New Computer Architecture.We conceive of an architecture in which a CPU isconnected to a list memory instead of a random accessmemory. Machines of this architecture are similar to"linking automata" [22,p.462-463] and "storagemodification machines" [29]. At the interface between theCPU and the memory sits a bank of pointer registers, whichpoint at particular cells in the list memory. Instead of a buswhich communicates both addresses and values, with read andwrite commands, the memory would have only a data bus andcommands like CAR, CDR, CONS, RPLACA, RPLACD, EQ,and ATOM, whose arguments and returned values would be inthe pointer registers. The CPU would not have access to thebit strings stored in the pointer registers, except those whichpointed to atoms (objects outside both fromspace andtospace). This restriction is necessary to keep the CPU fromdepending upon memory addresses which might be changedby the management algorithm without the CPU’s knowledge.An advantage of such a system over random accessmemory is the elimination of the huge address bus that isnormally needed between the CPU and the memory, sinceaddresses are not dealt with directly by the CPU. As thenumber of bits on a chip increases, the number of addresslines and supporting logic becomes a critical factor.Our method of garbage collection can also be used with arandom access write-once memory by appending an extraword to each cell which holds the forwarding address whenthat cell is eventually moved. Using such a system, the cellsin tospace cannot be updated until they are moved to the newtospace after the next flip. In other words, three semispacesneed to be active at all times. In addition to these changes,RPLACA and RPLACD must actually perform a CONS, justlike RPLACD occasionally does in our CDR-coding system.Perhaps the write-once property can eliminate the need fortransaction journals and backup tapes.11. Conclusions and Future WorkWe have exhibited a method for doing list processing ona serial computer in a real-time environment where the timerequired by all of the elementary list operations must bebounded by a constant which is independent of the number oflist cells in use. This algorithm was made possible through:1) a new proof of correctness of parallel garbage collectionbased on the assertion that the user program sees only markedcells; 2) the realization that the collection effort must beproportional to new cell creation; and 3) the belief that thecomplex interaction required by these policies makes parallelcollection unwieldy. We have also exhibited extensions ofthis algorithm to handle a user program stack, "CDR-

Communications of the ACM 21, 4 (April 1978), 280-294.13coding," vectors of contiguous words, and hash linking.Therefore, we consider our system to be an attractivealternative to reference counting for real-time storagemanagement and have shown that, given enough storage, ourmethod will outperform a reference count system, withoutrequiring the topological restrictions of that system.Our real-time scheme is strikingly similar to theincremental garbage collector proposed independently byBarbacci for a microcoded LISP machine [3]. However, hisnon-real-time proposal differs in the key points listed above.Our system will itself appear in microcoded form inGreenblatt’s LISP machine [19].There is still some freedom in our algorithm which hasnot been explored. The order in which the cells are traced isnot important for the algorithm’s correctness or real-timeproperties. The average properties of the algorithm when runon a virtual memory machine need to be extensivelyinvestigated.The space required by our algorithm may be excessive forsome applications. Perhaps a synthesis of the area concept[6,7] with our method could reduce the memory requirementsof a list processing system while preserving the bounded-time properties of the elementary operations.A garbage collection algorithm can be viewed as a meansfor converting a Von Neumann-style random access memory(with "side-effects" [25]) into a list memory (without "side-effects"). Perhaps a list memory can be implemented directlyin hardware which uses considerably less energy by takingadvantage of the lack of side-effects in list operations [4].Acknowledgments. I wish to thank the people atM.I.T.’s Artificial Intelligence Laboratory and Laboratory forComputer Science (formerly Project MAC) for their timediscussing these ideas, and especially Peter Bishop, JohnDeTreville, Richard Greenblatt, Carl Hewitt, Al Mok, GuySteele, and the referees for their copious comments andhelpful suggestions after reading early versions of this paper.I also wish to thank John McCarthy for ignoring DavidHilbert’s advice about "leaving elegance to the tailors" whenhe created the LISP language.Received September 1976; revised May 1977References1. Arnborg, S. Storage administration in a virtual memorySIMULA system. BIT 12 (1972), 125-141.2. Arnborg, S. Optimal memory management in a system withgarbage collection. BIT 14 (1974), 375-381.3. Barbacci, M. A LISP Processor for C.ai. MemoCMU-CS-71-103, Computer Sci. Dept., Carnegie-Mellon.Pittsburgh, Pa., 1971.4. Bennett, C.H. Logical reversibility of computation. IBMJ. Res. Develop. 17 (1973), 525.5. Birtwistle, G.M., DahI, O.-J., Myhrhaug, B, and Nygaard,K. Simula Begin. Auerbach, Philadelphia, Pa., 1973.6. Bishop, P.B. Garbage collection in a very large addressspace. Working Paper 111, M.I.T. A.I. Lab., M.I.T.,Sept. 1975.7. Bishop, P.B. Computer systems with a very large addressspace and garbage collection. Ph.D. Th., TR-178, MITLab. for Computer Sci., Cambridge, Mass., May 1977.Forthcoming.8. Bobrow, D.G. and Wegbreit, B. A model and stackimplementation of multiple environments. Comm. ACM16, 10 (Oct. 1973), 591-603.9. Bobrow, D.G. A note on hash linking. Comm. ACM 18, 7(July 1975), 413-415.10. Campbell, J.A. Optimal use of storage in a simple modelof garbage collection. Inform. Processing Letters 3, 2(Nov. 1974), 37-38.11. Cheney, C.J. A nonrecursive list compacting algorithm.Comm. ACM 13, 11 (Nov. 1970), 677-678.12. Clark, D.W., and Green, C.C. An empirical study of liststructure in LISP. Comm. ACM 20, 2 (Feb. 1977), 78-87.13. Collins, G.E. A method for overlapping and erasure oflists. Comm. ACM 3,12 (Dec. 1960), 655-657.14. Dahl, 0.-J., and Nygaard, K. SIMULA�an ALGOL-basedsimulation language. Comm. ACM 9, 9 (Sept. 1966),671-678.15. Deutsch, L.P., and Bobrow, D.G. An efficient,incremental, automatic garbage collector. Comm. ACM19, 9 (Sept. 1976), 522-526.16. Dijkstra, E.W., Lamport, L., Martin, A.J., Scholten, C.S., Steffens, E.F.M. On-the-fly garbage collection: Anexercise in cooperation. E.W.Dijkstra note EWD496,June 1975.17. Dijkstra, E.W. After many a sobering experience. E.W.Dijkstra note EWD500.18. Fenichel, R.R., and Yochelson, J.C. A LISP garbage-collector for virtual-memory computer systems. Comm.ACM 12, 11 (Nov. 1969), 611-612.19. Greenblatt, R. LISP Machine Progress Report memo 444.A.I. Lab., M.I.T., Cambridge, Mass., Aug. 1977.20. Greenblatt, R. Private communication, Feb. 1977.21. Hoare, C.A.R. Optimization of store size for garbagecollection. Inform. Processing Letters 2 (1974), 165-166.22. Knuth, D.E. The Art of Computer Programming, Vol. I:Fundamental Algorithms. Addison-Wesley, Reading,Mass., 1968.23. Lamport, L. Garbage collection with multiple processes:An exercise in parallelism. CA-7602-2511, Mass.Computer Associates, Wakefield, Mass., Feb. 1976.24. Lamport, L. On-the-fly garbage collection: Once morewith rigor. CA-7508-1611, Mass. Computer Associates,Wakefield, Mass., Aug. 1975.25. McCarthy, J., et al. LISP 1.5 Programmer’s Manual.M.I.T. Press, Cambridge, Mass., 1965.26. Minsky, M.L. A LISP garbage collector algorithm usingserial secondary storage. Memo 58, M.I.T. A.I. Lab.,M.I.T., Cambridge, Mass., Oct. 1963.27. Moon, D.A. MACLISP Reference Manual. Project MAC,M.I.T., Cambridge, Mass., December 1975.28. Muller, K.G. On the feasibility of concurrent garbagecollection. Ph.D. Th., Tech. Hogeschool Delft, TheNetherlands, March 1976 (in English).29. Schonhage, A. Real-time simulation of multidimensionalTuring machines by storage modification machines.TM-37, Project MAC, M.I.T., Cambridge, Mass., Dec.1973.30. Steele, G.L. Jr. Multiprocessing compactifying garbagecollection. Comm. ACM 18, 9 (Sept. 1975), 495-508.31. Steele, G.L. Jr. Private communication, March 1977.32. Teitelman, W., et al. INTERLISP Reference Manual.Xerox Palo Alto Res. Ctr., Palo Alto, Calif, 1974.33. Wadler, P.L. Analysis of an algorithm for real-timegarbage collection. Comm. ACM 19, 9 (Sept. 1976),491-500.34. Weizenbaum, J. Symmetric list processor. Comm. ACM6, 9 (Sept. 1963), 524-544.